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Dedicated to the memory of Novica Blazic (1959 - 2005), a remarkable mathematician and a wonderful person. 

qq'i Abstract. An algebraic curvature tensor is called Osserman if the eigenvalues of the associated Jacobi 

^— ^ ■ operator are constant on the unit sphere. A Riemannian manifold is called conformally Osserman if its 

^— ' Weyl conformal curvature tensor at every point is Osserman. We prove that a conformally Osserman 

manifold of dimension n ^ 3, 4, 16 is locally conformally equivalent either to a Euclidean space or to a 

rank-one symmetric space. 
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Definition 1. An algebraic curvature tensor TZ is called Osserman if the eigenvalues of the Jacobi 
' operator IZx do not depend on the choice of a unit vector X G R" . 

One of the algebraic curvature tensors naturally associated to a Riemannian manifold (apart from 
the curvature tensor itself) is the Weyl conformal curvature tensor. 

Definition 2. A Riemannian manifold is called (pointwise) Osserman if its curvature tensor at every 
point is Osserman. A Riemannian manifold is called conformally Osserman if its Weyl tensor at every 
point is Osserman. 



in 
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1. Introduction 

An algebraic curvature tensor TZ on a Euclidean space M." is a (3, 1) tensor having the same symmetries 
as the curvature tensor of a Riemannian manifold. For X S K™, the Jacobi operator TZx ■ R™ — > 1" is 
defined by TZxY — 7Z(X, Y)X . The Jacobi operator is symmetric and IZxX = for all X 6 K n . 



It is well-known (and is easy to check directly) that a Riemannian space locally isometric to a 
Euclidean space or to a rank-one symmetric space is Osserman. The question of whether the converse 
is true ("every pointwise Osserman manifold is flat or locally rank-one symmetric") is known as the 
Osserman Conjecture Os . The first result on the Osserman Conjecture (the affirmative answer for 
manifolds of dimension not divisible by 4) was published before the conjecture itself [Chij . In the 
following almost two decades, the research in the area of Osserman and related classes of manifolds, 
both in the Riemannian and pseudo-Riemannian settings, was flourishing, with dozens of papers and at 
least three monographs having been published |G1[ IG2[ IGKV] . 

At present, the Osserman Conjecture is proved almost completely, with the only exception when 
the dimension of an Osserman manifold is 16 and one of the eigenvalues of the Jacobi operator has 
multiplicity 7 or 8 [Nil N2, N3, N4]. The main difficulty lies in the fact that the Cayley projective plane 
(and its hyperbolic dual) are Osserman, with the multiplicities of the eigenvalues of the Jacobi operator 
being exactly 7 and 8; moreover, the curvature tensor of the Cayley projective plane is essentially 
different from that of the other rank-one symmetric spaces, as it does not admit a Clifford structure (see 
Section [2] for details). This is the only known Osserman curvature tensor without a Clifford structure, 
and to prove the Osserman Conjecture in full it would be largely sufficient to show that there are no 
other exceptions. 

The study of conformally Osserman manifolds was started in fBGl , and then continued in BG2, 
BGNSi, G2, BGNSt]. Every Osserman manifold is conformally Osserman (which easily follows from the 
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formula for the Weyl tensor and the fact that every Osserman manifold is Einstein), as also is every 
manifold locally conformally equivalent to an Osserman manifold. 
Our main results is the following theorem. 

Theorem 1. A connected C°° Riemannian conformally Osserman manifold of dimension n ^ 3,4,16 
is locally conformally equivalent to a Euclidean space or to a rank-one symmetric space. 

Theorem[3Janswers, with three exceptions, the conjecture made in [BGNSi (for conformally Osserman 
manifolds of dimension n > 6 not divisible by 4, this conjecture is proved in |BG1|, Theorem 1.4]). 

Note that the nature of the three excepted dimensions in Theorem [3J is different. In dimension 
three the Weyl tensor gives no information on a manifold at all. In dimension four, even a "genuine" 
pointwise Osserman manifold does not have to be locally symmetric (see [GSV1 Corollary 2.7], [01], for 
the examples of "generalized complex space forms"). As it is proved in [Chij . the Osserman Conjecture 
is still true in dimension four, but in a more restrictive version: one requires the eigenvalues of the Jacobi 
operator to be constant on the whole unit tangent bundle (a Riemannian manifold with this property 
is called globally Osserman). One might wonder, whether the conformal counterpart of this result is 
true. The following elegant characterization in dimension four is obtained in [BG2j : a four-dimensional 
Riemannian manifold is conformally Osserman if and only if it is either self-dual or anti-self-dual. 

In dimension 16, both the conformal and the original Osserman Conjecture remain open (for partial 
results, see |N31 IN4] in the Riemannian case and Theorem [3] in Section [3] in the conformal case). 

As a rather particular case of Theorem [TJ we obtain the following analogue of the Weyl-Schouten 
Theorem for rank-one symmetric spaces: a Riemannian manifold of dimension greater than four having 
"the same" Weyl tensor as that of one of the complex/quaternionic projective spaces or their noncompact 
duals is locally conformally equivalent to that space. More precisely: 

Theorem 2. Let M™ denote one of the spaces CP"/ 2 , CP™/ 2 , HP™/ 4 , HP™/ 4 , and let W be the 
Weyl tensor of Mq at some point xq € Mq. Suppose that for every point x of a Riemannian manifold 
M n , n > 4, there exists a linear isometry i : T x M n — > T xq Mq which maps the Weyl tensor of M n at x 
on a positive multiple of Wo . Then M n is locally conformally equivalent to Mq . 

For Af ™ = CP™/ 2 , CP"/ 2 and n > 6, the claim follows from [BGT1 Theorem 1.4]. The fact that the 
dimension n = 16 is not excluded (compared to Theorem [1} follows from Theorem [3] (see Section [3]). 

We explicitly require all the object (manifolds, metrics, vector and tensor fields) to be smooth (of 
class C°°), although all the results remain valid for class C k , with sufficiently large k. 

The paper is organized as follows. In Section^ we give a background on Osserman algebraic curvature 
tensors and on Clifford structures and prove some technical Lemmas. The proof of Theorem [T] is given in 
Section [31 Theorem [T] is deduced from a more general Theorem [3J We first prove the local version using 
the differential Bianchi identity, and then the global version by showing that the "algebraic type" of the 
Weyl tensor is the same at all the points of a connected conformally Osserman Riemannian manifold 
(in particular, a nonzero Osserman Weyl tensor cannot degenerate to zero). 

2. Algebraic curvature tensors with a Clifford structure 

2.1. Clifford structure. The property of an algebraic curvature tensor 1Z to be Osserman is quite 
algebraically restrictive. In the most cases, such a tensor can be obtained by the following remark- 
able construction, suggested in CSV , which generalizes the curvature tensors of the complex and the 
quaternionic projective spaces. 

Definition 3. A Clifford structure Cliff (^; J\, . . . , J„; Ao, Tjx, ■ ■ ■ , r\v) on a Euclidean space 1" is a set of 
v > anticommuting almost Hermitian structures J, and v + 1 real numbers Ao, T\\, ■ ■ -T]v, with rji 0. 
An algebraic curvature tensor 1Z on R™ has a Clifford structure Cliff (^; J\, . . . , J„; Ao, rji, ... , rj v ) if 

(1) H{X, Y)Z = A «X, Z)Y - {Y, Z)X) + V" %(2(J i X, Y)J,Z + (J t Z, Y)J t X - {J.Z, X)J t Y). 

When it does not create ambiguity, we abbreviate Cliff (V; Ji, . . . , J v \ Ao, 771, ... , rj u ) to just Cliff (V). 
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Remark 1. As it follows from Definition [31 the operators Ji are skew-symmetric, orthogonal and satisfy 
the equations (JiX, JjX) = 5ij\\X\\ 2 and JiJj + JjJi = — 2(5yid, for all i ) j = l,...,v > and all X 6 R™. 
This implies that every algebraic curvature tensor with a Clifford structure is Osserman, as by ([I]) the 
Jacobi operator has the form TZxY = ^o{\\X\\ 2 Y — (Y, X)X) + ^2" =1 3r]i(JiX, Y) JiX, so for a unit vector 
X, the eigenvalues of TZx are Ao (of multiplicity n — 1 — v provided v < n— 1), and Ao+3?7i, i = 1, . ..,is. 

The converse ( "every Osserman algebraic curvature tensor has a Clifford structure" ) is true in all the 
dimensions except for n — 16, and also in many cases when n = 16, as follows from [N3J (Proposition 1 
and the second last paragraph of the proof of Theorem 1 and Theorem 2), |N2l Proposition 1] and |N4( 
Proposition 2.1]. The only known counterexample is the curvature tensor R 0P of the Cayley projective 
plane (more precisely, any algebraic curvature tensor of the form 1Z — aR 0p + bR 1 , where R 1 is the 
curvature tensor of the unit sphere S' 16 (l) and a ^ 0). 

A Clifford structure Cliff (is) on the Euclidean space R n turns it the into a Clifford module (we refer 
to [ABS1 Part 1], [HI Chapter 11], [LM[ Chapter 1] for standard facts on Clifford algebras and Clifford 
modules). Denote Cl(v) a Clifford algebra on v generators x%, . . . , x u , an associative unital algebra over 
K defined by the relations XiXj I XjXi — —2Sij (this condition determines Cl(v) uniquely). The map 
a : Cl(f) — > R™ defined on generators by a(xi) — Ji (and cr(l) = id) is a representation of Cl(z/) on R™. 
As all the Jj's are orthogonal and skew-symmetric, a gives rise to an orthogonal multiplication defined as 
follows. In the Euclidean space W, fix an orthonormal basis ei,...,e v . For every u = J2i=i u i e i e ^ 
and every X G R", define 

(2) J U X = Y" Ul J t X 

(when u — e^, we abbreviate J ei to Ji). The map J : 1" x R™ R™ defined by $2$ is an or- 
thogonal multiplication: || J U X\\ 2 = ||?ij| 2 ||Xj| 2 (similarly, wc can define an orthogonal multiplication 
J : W+ 1 xl"^ M™ by J U X = u X + J^Ui UiJiX, for u = Y% =0 u % e t € where e , e x ,...,e v is 

an orthonormal basis for the Euclidean space R y+1 ). For X £ R", denote 

JX = Span(JiA, . . . , J V X), XX = Span(X, J X X, . . . , J V X). 

Later we will also use the complexified versions of these subspaces which we denote J<cX and IcX 
respectively, for X £ C n . 

If R n is a Cl(z/)-module (equivalently, if there exists an algebraic curvature tensor with a Clifford 
structure Cliff (zv) on R"), then (see, for instance, [HI Theorem 11.8.2]) 

(3) !/<2 b + 8a-l, where n = 2 4a+b c, c is odd, < b < 3. 
From ([3]), we have the following inequalities. 

Lemma 1. Let 1Z be an algebraic curvature tensor with a Clifford structure Cliff (i^) on R" . Suppose 
n ^ 2,4,8,16. Then 

(i) n > Sis + 3, with the equality only when n — 6, v = 1, or n = 12, is = 3, or n = 24, v = 7 . 

(ii) n > 4;/ — 2, except in the following cases: n = 24, is ~ 7 and n = 32, ^ = 8. 

(iii) there exists an integer I such that v < 2 l < n. 

2.2. Clifford structures on R 8 and the octonions. The proof of Theorem [T] in the "generic case" 
will rely upon the fact that is is small relative to n (with the required estimates given in Lemma [1} . 
However, in the case n = 8, the number v can be as large as 7, according to ([3]). Consider this case in 
more detail. As it is shown in [N2] , not only every Osserman algebraic curvature tensor 1Z on R 8 has a 
Clifford structure, but also that Clifford can be taken of one of the two (mutually exclusive) forms: either 
1Z has a Cliff (3)-structure, with J\Ji = J3, or an existing Cliff (^)-structure can be "complemented" to 
a Cliff (7)-structure. More precisely: 

Lemma 2. 

1. Suppose 1Z is an algebraic curvature tensor on R 8 having a Clifford structure Cliff (is; J\, J„; 
Ao, 171, . . . , r\ v ). Then exactly one of the following two possibilities may occur: either 1Z has a Clifford 
structure Cliff (3) with J1J2 — J3, or there exist 7 — is operators J„+i, . . . , J7 such that Ji, . . . , J7 are 
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anticommuting almost Hermitian structures with J± Ji . . . J7 = id R 8 and TZ has a Clifford structure 

Cliff (7; Ji, . .., J 7 ;A - 3£,r?i + f, ... ,77„ + £,£,... f or an V £ ^ 
2. Let O be the octonion algebra with the inner product defined by \\u\\ 2 — uu* , where * is the octonion 
conjugation, and let O' = 1 , the space of imaginary octonions. Then, in the second case in assertion 

1, there exist linear isometrics l\ : R 8 — > O, 12 '■ R 7 —> O' such that the orthogonal multiplication @ 
is given by J U X = l\(X)l2{u). 

Proof. 1. This assertion is proved in |N2[ Lemma 5]. The proof is based on the fact that every 
representation a of Cl(^) on R 8 , except for the representations of Cl(3) with J1J2 = ± J3, is a restriction 
of a representation of Cl(7) on R 8 , to Cl(^) C Cl(7). It follows that the almost Hermitian structures 
Jx, . . . , J v defined by a can be complemented by almost Hermitian structures J v +Xi . . . , J7 such that 
Jx, ■ ■ ■ , J7 anticommute, and so TZ can be written in the form fl} , with a formal summation up to 7 
on the right-hand side (but with r\i = when i = v + 1, . . . , 7). To obtain a Cliff (7)-structure for TZ, 
according to Definition^ we only need to make all the ry^'s nonzero. This can be done using the identity 

(4) (X,Z)Y- (Y,Z)X = V 7 \{2{J i X,Y)J i Z+{J i Z,Y)J i X-{J i Z,X)J i Y) 

* '2—1 ° 

(which is obtained from the polarized identity ||X|| 2 Y"— {X, Y)X = ^2i = i(JiX, Y) JiX which follows from 
the fact that, for X ^ 0, the vectors || X || _1 JiX, . . . , J-jX form an orthonormal basis 

for R 8 ). Then by (fl]), TZ has a Clifford structure Cliff (7; Ji, J 7 ; A - 3£, 771 + f, •••,»?«/ + £)£>•••> £)> 
for any £ ^ -7^,0. 

2. This assertion is also proved in [N2j (see the beginning of Section 5.1). The proof is based on 
the following. There are two nonisomorphic representations of Cl(7) on R 8 . Identifying R 8 with the 
octonion algebra O via a linear isometry these representations are given by the orthogonal multiplications 
J U X = uX and J U X = Xu respectively (LM] § 1-8]. As (uX)* = X*u* = -X*u for all u.IeO, u ± 1, 
the first representation is orthogonally equivalent to the second one, with the operators J,- replaced by 
— J{. Since changing the signs of the J^'s does not affect the form of the algebraic curvature tensor (JTJ) , 
we can always assume that a Cliff(7)-structure for an algebraic curvature tensor on R 8 is given by the 
orthogonal multiplication J U X = li(X)l2(u). □ 

In the proof of Theorem \T\ for n = 8, we will usually identify R 8 with O and of R 7 with O' via some 
fixed linear isometries L\ , 12 and simply write the orthogonal multiplication in the form 

(5) J U X = Xu, 

where X G R 8 = O, u G O'. The proof of Theorem [T] for n — 8 extensively uses the computations in 
the octonion algebra O (in particular, the standard identities like a* — 2(a, 1)1 — a, (a,b) = (a*,b*) = 
^(a*b + b*a), a(ab) — a 2 b, (a, be) — (b*a,c) = (ac* ,b), (ab*)c + (ac*)b = 2(6, c)a, (ab,ac) — (ba,ca) = 
\\a\\ 2 (b,c), for any a, b, c € O, and the similar ones, see e.g. |HL( Section IV]) and the fact that O is a 
division algebra (in particular, any nonzero octonion is invertible: a -1 = ||a||~ 2 a*). We will also use the 
bioctonions O <g> C, the algebra over the C with the same multiplication table as that for O. As all the 
above identities are polynomial, they still hold for bioctonions, with the complex inner product on C 8 , 
the underlying linear space of O <£> C. However, the bioctonion algebra is not a division algebra (and 
has zero-divisors: (il + ei)(il — ei) = 0). 

2.3. Technical lemma. In the proof of Theorem[lJ we will use the following lemma. 

Lemma 3. Suppose that n > 4, and additionally, ifn — 8, then v < 3, and if n — 16, then v < 7. 

1. Let F : R™ — + R" be a homogeneous polynomial map of degree m such that for all X € R n , 
F(X) £ JX (respectively F(X) G XX). Then there exist homogeneous polynomials c;, i = l,...,v 
(respectively i = 0, 1, . . . , v), of degree m — 1 such that F(X) — J2i=i Ci{X)JiX (respectively F(X) = 
c {X)X + Y!t = i Ci{X)JiX). 

2. Let 1 < k < v and let aj, 1 < j < v, j k, be v — 1 vectors in R™ such that for all Y € R™ ; 



(6) 



Y Jr A{a 3 ,J k Y)J 3 Y+{a. ] ,Y)J k J. ] Y) = 0. 
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Then either a,j = for all j k. or v = 1, or v = 3, J± J2 = sJj, 1 £ = ±1, and dj — JjV for all j =/= k. 
where v 7^ 0. 

3. Suppose n and v are arbitrary numbers satisfying ([3|). Let N n be a smooth Riemannian mani- 
fold and let J\, . . . , J„ be anticommuting almost Hermitian structures on N n . Suppose that for every 
nowhere vanishing smooth vector field X on N n , the distribution JX = Span(JiA, . . . , J V X) is smooth 
(that is, the v-form 3\X A • ■ • A J V X is smooth). Then for every x S N n , there exists a neighbour- 
hood U — U (x) and smooth anticommuting almost Hermitian structures J\ , . . . , J v on IA such that 
Span( J\X, . . . , J V X) — Span( J\X, . . . , J V X), for any vector field X on U. 

Proof. 1. It is sufficient to prove the assertion for the case F{X) S XX. 

As for every 1^0, the vectors X, J±X, . . . , J V X are orthogonal and have the same length ||A||, we 
have \\X\\ 2 F(X) = f (X)X +T,i=x fi(X)J t X, where f Q (X) = (F(X),X), ft(X) = {F{X),.hX) are 
homogeneous polynomials of degree m + 1 of X (or possibly zeros). Taking the squared lengths of the 
both sides we get || A|j 2 ||F(A)|| 2 = f§(X) + J2i=i fl(X), so the sum of squares of v + 1 polynomials 
fo(X)J 1 (X),...,f u (X) is divisible by ||A|| 2 . Let for X = (xi,...,x n ), (\\X\\ 2 ) be the ideal of R[X] 
generated by ||X|| 2 = £\ x 2 , and let R = R[X}/{\\X\\ 2 ). We have ££=0 ff = 0, where ft is the image 
of fi under the natural projection 7r : R[A] — > R. If at least one of the fi's is nonzero (say the i^-th 
one), then J2i=o (fi/ f") 2 = — 1 m ^"i the field of fractions of the ring R. The field F is isomorphic to 



the field L„_i = R(xi, . . . , x n -i, \ —d), where d — x\ + . . . + x 2 l _ 1 (an isomorphism from L„_i to F 
is induced by the map (a + 6y '—d)/c — > (a + bx n )/c, with a,b,c € R[xi, . . . ,x n -i], c 7^ 0). By [Pf] 
Theorem 3.1.4], the level of the field L n _i, the minimal number of elements whose sum of squares is —1, 
is 2', where 2 l < n < 2 l+1 . It follows that in all the cases when v < 2 l < n we arrive at a contradiction. 
This means that /j = 0, for all i — 0,...,^, so each of the fi's is divisible by ||A|| 2 in R[A], so 
F(X) = {\\X\\- 2 f (X))X + J2i =1 (\\X\\- 2 fi(X))J t X, with all the nonzero coefficients on the right-hand 
side being homogeneous polynomials of degree m — 1. The claim now follows from assertion (iii) of 
Lemma [TJ 

2. If v = 1, equation ^ is trivially satisfied. If v = 2, the claim immediately follows by taking 
the inner product of © with J1J2Y. If v = 3, let k = 3 (without loss of generality). Taking the 
inner product of ^ with J\Y we obtain (01, J3Y) \\Y \\ 2 — (a,j ,Y) (JiJ 3 J 2 Y,Y) . It follows that the 
polynomial (J1J3J2Y, Y) is divisible by |jy|| 2 . As the operator J1J3J2 is symmetric and orthogonal, 
it equals ±id. Hence J\ J 2 = eJ^, e — ±1. Then ([6|) takes the form (oi, J3Y) J{Y + (02, JsY)J 2 Y + 
e(ai,Y)J2Y — e(a 2 , Y) J{Y — 0, which is equivalent to ax — — eJ 3 a 2 . Acting by J\ on the both sides we 
obtain J\a\ = J2O2, so cij = JjV, with v — —J\a\ — —J2O2 (we can assume v 7^ 0, as otherwise a 3 = 0). 

Now assume v > 3 and denote L — Span(a 3 ). As it follows from (JSJ), if Y _L L, then J^Y _L L, so L 
is J fc -invariant. Polarizing © we obtain Y^,j=ik(( a 3 1 J^X) JjY + (aj , X) J k J 3 Y) + J2j=ik(( a 3^kY)JjX + 
(a 3 ,Y)J k J :j X) = 0. It follows that for all X _L L and all Y € R™, E^fe(( a i> JkY)JjX+(aj, Y)J k JjX) = 
0, that is, J u (y)A = J k J v (y)X, where u(F) = J2jjik( a ]^kY}ej, v(Y) = J2j^k( a j' Y ) e j- Note that 
M(y*),u(y) _L efe. Now, fix an arbitrary Y £ R" and choose a unit vector w _L u(F), u(F), (this 
is possible, as v > 3). Then J W J U ( Y )X — J w JkJ v (Y)X , so (J w JkJ v (Y)X,X) — 0, for all X e L^. If 
v(Y) 7^ 0, then the operator ||i;(y)|| ~ 1 J w JkJv(Y) is symmetric and orthogonal, so the maximal dimension 
of its isotropic subspace is \n < n — (y — 1) = dimL^ (the inequality follows from assertion (ii) of 
Lemma|l|, which is a contradiction. Hence v(Y) = for all Y 6 R™, so all the a/s are zeros. 

3. We first prove the lemma assuming 2v < n. In this case, the proof closely follows the arguments 
of the proof of |N1[ Lemma 3.1]. 

Let Yq € T x N n be a unit vector. As 2v < n, there exists a unit vector E S T x N n which is not in 
the range of the map $ : S"' 1 x S^ 1 -> S^ 1 defined by &(u,v) = J u JvY Q . Then JE n JFo = 0. It 
follows that on some neighbourhood W of x there exist smooth unit vector fields Y and E n such that 
E n {x) — E, Y(x) — Yq and JE n C\JY = at every point y £ W . By the assumption, the ^-dimensional 
distribution JE n is smooth, so we can choose v smooth orthonormal sections E\, . . . , of it, and then 
define anticommuting almost Hermitian structures J a onW by J a E n — E a (so that J a = 53/3=1 a a/3^/3j 
where (o^) is the u X u orthogonal matrix given by a a /3 — (E a , JpEn)). 
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Let E v +i, . . . , E n _i be orthonormal vector fields on 14' such that E\, . . . , E n is an orthonormal frame, 
and let, for a vector field X on U' , JX denote the n x v matrix whose column vectors are J\X, . . . , J V X 
relative to the frame E u ...,E n . Then (JXfJX = \\X\\ 2 I U and all the v x v minors of the matrix 
JX are smooth functions on U' . Moreover, the entries of the matrices JEi, i = l,...,n, are the 
rearranged entries of the matrices J a , a = 1, . . . , v, relative to the basis {Pi}, so to prove that the J a 's 
are smooth it suffices to show that all the entries of the matrices JEi are smooth (on a possibly smaller 
neighbourhood). Denote JEi = (p 4 ), where Ki and Pi are v x v and (n — v) x v matrices-functions 
on W respectively (note that JE n = ( q ) ) • For an arbitrary tGR, all the vxv minors of the matrix 
J(Ei + tE n ) = ( Ki + 11 " ) are smooth. For every entry [Pijka, k = v + 1, . . . , n, a = 1, . . . , v, the 
coefficient of t v ~ x in the v x v minor of J(Ei + tE n ) consisting of v — 1 out of the first v rows (omitting 
the a-th row) and the A:-th row is ±(Pj)fc a , so all the entries of all the Pi's are smooth. 

For the vector field Y, constructed at the beginning of the proof, denote JY = (p). As P = 
EiLi(^) Ei)Pi, all the entries of P are smooth on W. Moreover, as TY DTE n — 0, the spans of the 
vector columns of the matrices JY and JE n = ( ^ ) have trivial intersection, so rkP = v, at every point 
y E W . Therefore we can choose the rows v + 1 < b\ < • • • < b u < n of the matrix P at the point x 
such that the corresponding minor P^ — Pb x ..,b v is nonzero. Then the same minor P^ is nonzero on a 
(possibly smaller) neighbourhood U C W of x. Taking all the vxv minors of JY consisting of v — 1 out 
of v rows of P(b) and one row of K we obtain that all the entries of K are smooth on U. Moreover, for 
an arbitrary t € M, all the vxv minors of the matrix J(tEi + Y) = ( jj&ip ) are smooth. Computing 
the coefficient of t in all the vxv minors of J(tEi + Y) consisting of v — f out of v rows of [tPi + P)(b) 
and one row of tKi + K and using the fact that all the entries of K, P and Pi are smooth on U we 
obtain that all the entries of Ki are also smooth on U. Therefore all the entries of all the matrices JEi 
are smooth on U, hence the anticommuting almost Hermitian structures J a are also smooth on hi. 

As v and n must satisfy inequality (|3|) (hence the inequalities of Lemma Q} , the above proof works 
in all the cases except for the following: n — 4, v = 3 and n = 8, v = 5, 6, 7. The case n = 4, v = 3 is 
easy: taking any smooth orthonormal frame Ei on a neighbourhood of x and defining J a = X)fl=i a apJp 
(with the orthogonal 3x3 matrix (a a p) given by a a p — (E a , JpE^)) we obtain that all the entries of 
the J a relative to the basis Ei are ±1 and 0. 

The proof in the cases n — 8, v — 5, 6, 7 is based on the fact that any set of anticommuting almost 
Hermitian structures J\,...,J V on I s , except when v — 3 and J1J2 = ±^3, can be complemented 
by almost Hermitian structures J^+i, . . . , J7 to a set J%, . . ., J7 of anticommuting almost Hermitian 
structures on R 8 (assertion 1 of Lemma [2]). 

If n = 8, v = 7, choose an arbitrary smooth almost Hermitian structure J7 on some neighbourhood 
IA of x and complement it by anticommuting almost Hermitian structures J\, . . . , Jq at every point of 
U. Then Span( J±X, . . . , JqX) = (Span(X, J7X)) 1 - is a smooth distribution, for every smooth nowhere 
vanishing vector field I onM. This reduces the case n = 8, v = 7 to the case n — 8, v = 6. 

Let n = 8, v = 6, and let J7 be an almost Hermitian structure complementing J\, . . . , J@ at every 
point x E N n . Using the first part of the proof (or the fact that J^X spans the one-dimensional smooth 
distribution (Span( J±X, . . . , JqX)Q>M.X) ± , for every nonvanishing smooth vector field X) we can assume 
that J7 is smooth on a neighbourhood U of x E N n . Choose a smooth orthonormal frame E\, . . . , Eg on 
(a possibly smaller neighbourhood) U such that the matrix of J7 relative to Ei is ( ^ ) and define the 
almost Hermitian structure Jq on IA by J§Ei = Pi, J§E± = P3, JqEq = — P5, JeEg = —Ej. Then J7 
and Jq anticommute, hence we can complement them by almost Hermitian structures J[ , . . . , J5 on IA in 
such a way that J[, . . . , J' 5 , J$, J7 are anticommuting almost Hermitian structures. Moreover, as both J7 
and Jq are smooth onW, the five-dimensional distribution Span(J{X, . . . , J' b X) — (Span(A, J7X, JqX)) 1 - 
is smooth, for every smooth nowhere vanishing vector field X onlA. This reduces the case n = 8, v = 6 
to the case n = 8, v = 5. Indeed, if Ji, .. . , J5 are smooth anticommuting almost Hermitian structures 
on W such that Span(JiA, . . . , J5X) = Span(J(A, . . . , J$X), for every vector field X, then J\, . . . , J 5 , J 6 
are the required almost Hermitian structures, as Span( J\X, . . . , J6^") = Span( J[X, . . . , JqX) = 
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(Span(X, J7X)) 1 - = Sp&n(JiX,...,JsX), for every vector field X on U, and Jq anticommutes with 
every J a , a = 1, ... ,5, since it anticommutes with every J' a , a = 1 , . . . , 5. 

Let n = 8, v = 5, and let Je,J7 be anticommuting almost Hermitian structures complementing 
Jx,...,Js at every point x £ N n . As Span(J 6 A, J7X) = (Span( J\X, . . . , J 5 X)) ± , by the first part of the 
proof, we can choose such Jq and J7 to be smooth on a neighbourhood U of x £ N n . Choose a smooth 
orthonormal frame Ei,...,Eg on (a possibly smaller neighbourhood) U as follows. First choose an 
arbitrary smooth unit vector field E\ on hi. The vector fields JqEi and 3-jE\ are orthonormal; set E2 = 
— JqEi, E 3 = — J7E1. The unit vector field JqJtEi is orthogonal to E%, JqE\, JjE\\ set E4, = —JqJ-tEx. 
Choose an arbitrary smooth unit section E§ of the smooth distribution (Span(i?i, E2, E3, E4)) 1 - on U. 
That distribution is both Jq- and ^-invariant, so we can set, similar to above, E§ — JqE^, Ej ~ J7E5, 
Eg, = —JqJjE^. Now define the almost Hermitian structure J5 on 11 whose matrix relative to the frame 
Ei is ( _j 4 7 q ). Then J§, Jq, J7 are anticommuting almost Hermitian structures on U, with J5 J@ ^ ±J7, 
hence we can complement them by almost Hermitian structures J[ , . . . , J4 on U in such a way that 
J{, . . . , J4, J5, Jg, J7 are anticommuting almost Hermitian structures. Moreover, as J5, Jq, J7 are smooth 
on U, the four-dimensional distribution Span(J(X, . . . , J4X) = (Span(X, J5X, J@X, J7X)) 1 - is smooth, 
for every smooth nowhere vanishing vector field X onlA. By the first part of the proof, we can find 
smooth anticommuting almost Hermitian structures J\ , . . . , J4 on (a possibly smaller) neighbourhood 
U such that Span(JiJT, . . . , J4X) = Span(J(X, . . . , J 4 X), for every vector field X. Then J\, . . . , J4, J5 
are the required almost Hermitian structures, as Span(JiX, . . . , J5X) — Span(J[X, . . . , J4X, J5X) = 
(Span(X, JqX, J-jX)) 1 - = Span( J\X, . . . , J$X), for every vector field X on U, and J5 anticommutes with 
every J a , a = 1, 2, 3, 4, since it anticommutes with every J' a , a — 1,2, 3, 4. □ 

3. CONFORMALLY OSSERMAN MANIFOLDS. PROOF OF THEOREM Q] 

Let M n , 71 7^ 3, 4, be a smooth conformally Osserman Riemannian manifold. If n = 2, the manifold 
is locally conformally flat, so we can assume that n > 4. Combining the results of |N3j (Proposition 1 
and the second last paragraph of the proof of Theorem 1 and Theorem 2), |N2i Proposition 1] and |N4[ 
Proposition 2.1] we obtain that the Weyl tensor of M n has a Clifford structure, for all n 7^ 16, and also 
for n — 16 provided the Jacobi operator Wx has an eigenvalue of multiplicity at least 9 (note that the 
Jacobi operator of any Osserman algebraic curvature tensor on R 16 has an eigenvalue of multiplicity at 
least 7, by topological reasons). In the latter case, W has a Clifford structure Cliff (v), with v < 6, at 
every point on M n . 

To prove Theorem Q] it therefore suffices to prove the following theorem. 

Theorem 3. Let M n be a connected smooth Riemannian manifold whose Weyl tensor at every point 
x G M n has a Clifford structure Chff(z^(x)). Suppose that n > 4, and additionally that if n — 16. 
then v(x) < 4. Then there exists a space M$ from the list W l ,CP n/2 , CiT 1 / 2 , HP"/ 4 , Hi?™/ 4 (the 
Euclidean space and the rank-one symmetric spaces with their standard metrics) such that M n is locally 
conformally equivalent to Mq. 

Note that by Theorem [21 every point of M n has a neighbourhood conformally equivalent to a domain 
of the same "model space" . Also note that Theorem [3j in comparison to Theorem [IJ says something 
also in the case n = 16. 

We start with a brief informal sketch of the proof of Theorem [31 First of all, we show that the 
Clifford structure for the Weyl tensor can be chosen locally smooth on an open, dense subset M' C M n 
(see Lemma [4] for the precise statement). To simplify the form of the curvature tensor R of M n , we 
combine the Ao-part of W (from (fTJ)) with the difference R — W, so that R has the form ([7J) for some 
smooth symmetric operator field p, at every point of M'. The technical core of the proof is Lemma [5] 
and Lemma [HI which establish various identities for the covariant derivatives of /?, the J^'s and the rji's, 
using the differential Bianchi identity for the curvature tensor of the form ([7]). Lemma treats the case 
(n, v) — (8,7) and uses the octonion arithmetic, and Lemma El all the other cases (and uses the fact 
that v is small compared to n, see Lemma [1]). It follows from the identities of Lemma [5] and Lemma [5] 
that, unless the Weyl tensor vanishes, the metric on M' can be locally changed to a conformal one 
whose curvature tensor again has the form ([7]), but with the two additional features: firstly, all the rji's 
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are locally constant, and secondly, p is a Codazzi tensor, that is, (Vxp)Y — (Vyp)X. By the result 
of [DSj , the exterior products of the eigenspaces of a symmetric Codazzi tensor are invariant under the 
curvature operator on the two- forms. Using that, we prove in Lemma [7] that p must be a multiple of 
the identity, so, by ([7|), M' is locally conformally equivalent to an Osserman manifold. The affirmative 
answer to the Osserman Conjecture in the cases for n and v considered in Theorem[3] [Nil Theorem 1.2] 
implies that M' is locally conformally equivalent to one of the spaces listed in Theorem [31 This proves 
Theorem |3J at the "generic" points. To prove Theorem [3J globally, we first show (using Lemma [5} that 
M splits into a disjoint union of a closed subset Mq, on which the Weyl tensor vanishes, and nonempty 
open connected subsets M a , each of which is locally conformal to one of the rank-one symmetric spaces 
CP"/ 2 , CP"/ 2 , HP"/ 4 , HP"/ 4 . On every M a , the conformal factor / is a well-defined positive smooth 
function. Assuming that there exists at least one M a and that Mq ^ we show that there exists a 
point xo £ Mo on the boundary of a geodesic ball P C M a such that both f(x) and V f(x) tend to zero 
when x — > xq, x g P (LemmaO- Then the positive function u — /(™ -2 )/ 4 satisfies elliptic equation ([37)1 
in P, with \iva x ^ Xo ^ x( zB u(x) = 0, hence by the boundary point theorem, the limiting value of the inner 
derivative of u at xq must be positive. This contradiction implies that either M = Mo or M = M a . 

Proof of Theorem^ Let M n , n > 4, be a connected smooth Riemannian manifold whose Weyl tensor 
at every point has a Clifford structure. Define the function N : M n — > N as follows: for x € M", N(x) 
is the number of distinct eigenvalues of the Jacobi operator Wx associated to the Weyl tensor, where 
X is an arbitrary nonzero vector from T x M n . As the Weyl tensor is Osserman, the function N(x) is 
well-defined. Moreover, as the set of symmetric operators having no more than Nq distinct eigenvalues 
is closed in the linear space of symmetric operators on WL n , the function N(x) is lower semi-continuous 
(every subset {x : N(x) < No} is closed in M n ). Let M' be the set of points where the function N(x) 
is continuous. It is easy to see that M' is an open and dense (but possibly disconnected) subset of M". 
The following lemma shows that the Clifford structure for the Weyl tensor is locally smooth on every 
connected component of M' . 

Lemma 4. Let M n , n > 4 7 be a smooth Riemannian manifold whose Weyl tensor has a Clifford 
structure at every point. If n = 16, we additionally require that at every point x £ M 16 , the Weyl tensor 
has a Clifford structure Cliff iy{x)) with v{x) ^= 8. 

Let M' be the ( open, dense ) subset of M n at the points of which the number of distinct eigenvalues 
of the Jacobi operator associated to the Weyl tensor of M n is locally constant. Then for every x G M' , 
there exists a neighbourhood 11 — U{x), a number v > 0, smooth functions rj\, ... ,r] v : IA — > K \ {0}, 
a smooth symmetric linear operator field p and smooth anticommuting almost Hermitian structures 
Ji, i = 1, . . . , v, on IA such that the curvature tensor of M n has the form 

(7) R(X, Y)Z = {X, Z)pY + (pX, Z)Y - (Y, Z)pX - (pY, Z)X 

+ y V mPiJiX^JiZ + (JiZ,Y)JiX - {JiZ,X)JiY), 

* — ^i— 1 

for all y £ IA and X,Y,Z G T y M n . Moreover, if n = 8, then the curvature tensor has the form ([7]) 
either with v = 3 and J\Ji = ±J3, or with v = 7, for all y £lA. 

Proof. Let X be a smooth unit vector field on M". As the Weyl tensor W is a smooth Osserman algebraic 
curvature tensor, the characteristic polynomial of Wxix- 1 - (°f the restriction of the Jacobi operator Wx to 
the subspace X ) does not depend on X and is a well-defined smooth map p : M n — > R„_i [t], y — > p y (i), 
where R n _i[£] is the (n — l)-dimensional affine space of polynomials of degree n — 1 with the leading 
term (— As all the roots of p y (t) are real and the number of different roots is constant on every 
connected component of M', the eigenvalues Ho, p>i, ■ ■ ■ ,pi of Wx\x± are smooth functions and their 
multiplicities mo, m\, . . . , mj are constant, on every connected component of M' (we chose the labelling 
in such a way that mo — max(mo, mi, . . . ,mi). 

First consider the case n ^ 8. The Weyl tensor has a Clifford structure given by (p} at every 
point of M' . By Lemma Q] for n > 4, n ^ 8, 16, n — 1 — v > v, for any Clifford structure on 
M". By ([3]), for n = 16, v < 8, so by the assumption, the inequality n — 1 — v > v also holds for 
n = 16. Then the biggest multiplicity of an eigenvalue of Wxix 1 - is n — 1 — (see Remark [T]). So 
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the number v = n — 1 — too is constant and the function Xq = p,Q is smooth on every connected 
component of M'. Moreover, for every smooth unit vector field X on M' and every i = 1, . . . ,1, the 
/Xi-eigendistribution of Wx\x x is Span J:Ao+3 , Jj=A1 . ( JjX). As Ao and /Ltj are smooth functions on ev- 
ery connected component of M', rjj also is. Moreover, on every connected component of M', every 
distribution Span J -. Ao+3 ^. =M . {JjX) is smooth and has a constant dimension to,;, for any nowhere van- 
ishing smooth vector field X. By assertion 3 of Lemma El there exists a neighbourhood Ui(x) and 
smooth anticommuting almost Hermitian structures Jj (for the j's such that Ao + 2>rjj = p,i) on Ui(x) 
such that SpaHj. Xo+3ri . =ti .(JjX) — Sp&nj. Xo+3rij=tii (JjX). Let W be the algebraic curvature tensor on 
U = r) l i=1 Ui(x) with the Clifford structure Cliff (V; J\, . . . , J„; Ao, 771, ... , rj u ). Then v — n — 1 — mo is 
constant and all the Ji,rji and Ao are smooth on U. Moreover, for every unit vector field X on IA 1 
the Jacobi operators Wx and Wx have the same eigenvalues and eigenvectors by construction, hence 
Wx = Wx, which implies W = W . 

Now consider the case n — 8. By Lemma [5J at every point x £ M', the Weyl tensor either has 
a Cliff (3)-structure, with J\Ji — J3, or a Cliff (7)-structure (but not both). As on every connected 
component M a of M', the number and the multiplicities of the eigenvalues of the operator Wx\x ± , 
1^0, are constant, it follows from Remark [T] that the only case when M a may potentially contain the 
points of the both kinds is when one of the eigenvalues of Wx\x^ 1 X ^ 0, on M a has multiplicity 4 and 
the Clifford structure at every point x £ M a is either Cliff(3; J\, J2, J3; Ao, 771, 772, 773) with J1J2 = J3, 
or Cliff(7; Ji, . . . , J 7 ; A - 3^, 771 + £, 772 + £,?/ 3 + where 771,772,% ^ (some of them can 

be equal) and £ 7^ — r?i , 0. The eigenvalues of W x \x ± i l|A|| = 1, at every point x £ M a are Ao, 
of multiplicity 4, and Ao + 3to. Let X be an arbitrary nowhere vanishing smooth vector field on a 
neighbourhood U C M a of a point a; G ilf Q . Then the four-dimensional eigcndistribution of the operator 
Wxix 1 - corresponding to the eigenvalue of multiplicity 4 is smooth, therefore its orthogonal complement, 
the distribution Span(JiX, J2A, J3X) is also smooth. By assertion 3 of Lemma |3l there exist smooth 
anticommuting almost Hermitian structures J\,Ji,J?, on (a possibly smaller) neighbourhood hi such 
that Span( J\X, J2X, J3X) = Span( J±X, J2X, J3X). By assertion 1 of Lemma [31 every Ji is a linear 
combination of the Jj's: Ji — Ylj—i a>ijJj> an d moreover, the matrix (ay) must be orthogonal, as the 
Ji's are anticommuting almost Hermitian structures. It follows that J1J2J3 = ±Ji J2J3. The operator 
on the left-hand side is smooth on U, the one on the right-hand side is ±idR8, at the points where the 
Clifford structure is Cliff (3) with J\Ji — J3, and is symmetric with trace zero, at the points where the 
Clifford structure is Cliff (7) (which follows from the identity J^{ J\ ^2^3)^/4 = ^l^^)- Therefore all the 
point of U either have a Cliff (3)-structure with J\Ji = J3, or a Cliff (7)-structure. In the both cases, 
the Clifford structure for W can be taken smooth: in the first case, we follow the arguments as in the 
first part of the proof, as v < n — 1 — v; in the second one, we apply assertion 3 of Lemma [3] to every 
eigendistribution of W x \x ± - 

Thus for any x £ M', the Weyl tensor on a neighbourhood U = U{x) has the form (JTJ) , with a constant 
v and smooth Ao, 77^ and Jj. Then the curvature tensor has the form ([7]), with the operator p given by 
p = ^-tjRIc + (^Ao — 2(n— T)(w-2) wnere ^ c ^ s the Ricci operator and seal is the scalar curvature. 
As Ao is a smooth function, the operator field p is also smooth. □ 

Remark 2. In effect, the proof shows that if an algebraic curvature tensor 1Z field has a Clifford structure 
at every point of a Riemannian manifold, (and v ^ 8 when n — 16) then it has a Clifford structure of 
the same class of differentiability as 1Z on a neighbourhood of every generic point of the manifold. 

Remark 3. As it follows from assertion 1 of Lemma[5](in fact, from equation ([¥])), in the case n — 8, v = 7 
we can replace in p by p — |/id and rji by to + /, without changing R, where / is an arbitrary 
smooth function on 14 (if we want the resulting Clifford structure to be Cliff (7), we additionally require 
that rji + / is nowhere zero) . 

Let x £ M' and let U = U(x) be the neighbourhood of x defined in Lemma [H By the second Bianchi 
identity, (VuR)(X, Y)Y + {V Y R){U, X)Y+(V X R)(Y, U)Y = 0. Substituting R from Q and using the 
fact that the operators Jj's and their covariant derivatives are skew-symmetric and the operator p and 
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its covariant derivatives are symmetric we get: 

(X,Y)((y uP )Y - (V yP )U) + \\Y\\ 2 {{V XP )U - (V uP )X) + (U, Y)((V yP )X - (V xP )Y) 
+ ((Vyp)C/ - {V uP )Y, Y)X + ({X7 XP )Y - [V Y p)X, Y)U + {(V uP )X - (X7 xP )U, Y)Y 

+ Y" Z{X{ Vi ){JiY,U) -U(rH)(JiY,X))JiY 

(8) +Y" Y{r li )(2(J i U,X)J i Y + (J i Y,X)J i U-(J i Y,U)J i X) 

+ Y". m({3{(VuJi)X, Y) + 3((Vx Ji)Y, U) + 2((V Y J l )U, X))J t Y 

* J l — l 

+ 3(J t X, Y){VuJi)Y + 3{J t Y, U)(V x J t )Y + 2{J t U,X)(V Y J l )Y 

+ ((VyJi)Y, X) JiU + (JtY, X){V Y J i )U - {{V Y Ji)Y, U)J l X - {J t Y, U){V Y J t )X) = 0. 
Taking the inner product of (JHJ) with X and assuming X, Y and U to be orthogonal we obtain 
\\Xf{Q(Y),U) + \\Yf(Q(X),U) 
+ Y) U 3(X(r H )(J l YU)-Y(7 ll )(J l X,U)~U(r ll )(J l Y,X))(J l Y,X) 

(9) r 

+ 3r?i ((2((Vc/ Ji)X,Y) + ((V X J Z )Y,U) + ((V Y Ji)U,X))(JiY,X) 

- {JiY,U){{VxJi)X,Y) - {JiX,U){{V Y Ji)Y,X)) =0, 
where Q : K n — > K" is the quadratic map defined by 

(10) (Q(X),U) = ((Vxp)U-(V uP )X,X). 
Note that (Q(X),X) = 0. 

Lemma 5. In the assumptions of Lemma^ let x S M' and Zei U be the corresponding neigbourhood of 
x. Suppose that if n — 8, then v — 3 and Jj J2 = J3 on and if n — 16, i/ien i/ < 4. For every point 
y £ U, identify T y M n with the Euclidean space R n wa a linear isometry. Then 

(i) i/iere e:ris£ vectors mi, bij € R™, i,j — l,...,u, such that for all X,Y,U € R™, and a/H = 1, . . . , v , 



(11a) Q(Y)=3j2l^{mk,Y)J k Y, 

(lib) (V x Ji)^ = ?y7 1 (||^||V-{m il X)X) + ^ =i (6 ij -,X)J 7 -X, 

(11c) 6ij + bji = r)^ 1 J j m l + r)J 1 J i m J , 

(lid) Vn, = 27^, 

(He) £...«»*& « + '/A<- JiY)JjY + (rjibij + r)jbji,Y)JiJjY) — 0. 

(ii) £/ie following equations hold: 

(12a) (Vyp)£7 - (Vyp)y = V" (2(J l F,[/)m l - (m l ,r)J l C/+(m l ,C/)J i r), 

(12b) fc« (3 - ^nT 1 ) + 6j ..( 3 - mrjr 1 ) = 0, i ^ j, 

(12c) Ji?rii = 77^, i = 1, . . . ,v, for some p £ 1". 



Proof, (i) We split the proof of this assertions into the two cases: the exceptional case, when either 
n = 6, v = 1, or n = 12, ^ = 3, J\ J2 = ±^3, or n = 8, 1/ = 3, J1J2 = ^3, and the generic case: all the 
other Clifford structures considered in the lemma. 

Generic case. From © we obtain 

(13) \\X\\- 2 {Q{X),U) + \\Y\\- 2 {Q{Y),U) = 0, for all X _L TY, X, Y _L IU, X,Y,U ^ 0. 

We want to show that (Q(X), U) = 0, for all X _L IU. This is immediate when n > 3v + 3. Indeed, 
for any U 7^ and any unit X _L IU, cod\va(XU + IX) > v + 1, so we can choose unit vectors 
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Yi, Y 2 _L JU+JX such that Y 1 _L JY 2 . Then fT® implies that (Q(X), U) = -(Q(Yi), U) = (Q(Y 2 ), U) = 
~{Q(X),U). 

Consider the case n < iv + 3. By assertion (i) of Lemma [J this could only happen when n = 12, 
v = 3 or ri = 24, v = 7 (for the pairs (n, v) belonging to the generic case), and in the both cases 
n = 2>v + 3. Choose and fix an arbitrary U ^ and consider the quadratic form q(X) = (Q(X), U) 
defined on the (2v + 2)-dimensional space L = (XU) ± . Assume q ^ 0. By (fT3"f . the restriction of q to the 
unit sphere of L is not a constant, so it attains its maximum (respectively minimum) on a great sphere 
Si (respectively S 2 ). The subspaces L\ and L 2 defined by Si and S 2 are orthogonal. Moreover, by (1131) . 
L 2 D (XX) f)L, for any nonzero X G L±, which implies that dimL2 > v + 1. Similarly dimLi > v + 
so, as L\ _L L 2 , dimLi = dimL2 = v + 1, and L = L\ L2. It follows that for some c > 0, <?(A) = 
c(||7Ti JT|| 2 — ||7T2A|| 2 ), where 7Tj : L — > L$ is the orthogonal projection. Moreover, L2 = (XA)- 1 (HL, for all 
nonzero X E L\, which means that the subspace L\ = L 2 n L (and similarly L2) is 7rX-invariant, where 
7r : K" — ► L is the orthogonal projection, and even more: 7rXA = L a , for every nonzero X G L a , a = 1, 2, 
by the dimension count. Let X = X\ + X 2 , Y = Yy + Y 2 G L, where X a = ir a X, Y a = Tr a Y. The 
condition Y _L XX is equivalent to (Xi,Yl) + (X 2 , F 2 ) = (ttLAi, Fi) + (7rJ;A 2 , Y 2 ) = 0, for all % = 1, . . . v. 
Take arbitrary orthonormal bases for L\ and for L 2 and denote M a (I„), a = 1,2, the (f+ 1) x (1/+ 1)- 
matrix whose columns relative to the chosen basis for L a are X a ,ir,J\X a , . . . , 7rJ„A Q . Then Y _L XX 
if and only if M\(X{fY\ = —M 2 (X 2 ) t Y 2 . Since for a = 1,2, and any nonzero A Q G L a , the columns 
of M a (X a ) span L Q , we obtain Y 2 = -(M 2 (X 2 ) t )- 1 M 1 (X 1 ) t Y 1 , for any X 2 ^ 0. Then, as (?(A) = 
c(||Ai|| 2 - ||X 2 || 2 ), q(Y) = cdlFxH 2 - ||F 2 || 2 ), equation p) implies || Yi || 2 1| ^ || 2 - ||F2|| 2 ||A 2 || 2 - 0, so 
HF|| 2 ||Ai|| 2 ~ ||(M 2 (X 2 ) t )- 1 Mi(X 1 )*y 1 || 2 ||X2|| 2 = 0, for any X X ,Y X G L x and any nonzero X 2 G L 2 . It 
follows that WXifiMiiXxYMiiXx))- 1 = \\X 2 \\ 2 (M 2 (X 2 ) 1 Af 2 (A 2 ))~ 1 , for any nonzero X a G L a . Thus 
for some positive definite symmetric (v + 1) x (v + l)-matrix T, we have M a (X a y M a (X a ) = \\X a \\ 2 T, 
for all X a G L a , a = 1,2. Then for any X = X\ + X 2 G L, A Q G L a , and any i = 1, . . . , v, ||7rLA|| 2 = 
llTTJiXilp + llTrJi^H 2 = (M 1 (X l ) t M l (X 1 ) + M 2 (X 2 ) t M 2 (X 2 )) ii = T^Aif + ||X 2 || 2 ) = T l4 ||A|| 2 . On 
the other hand, for any X G L, nJ.X = J t X - \\U\\- 2 Y, v j=l {JiX, Jj^JjU so ||7rJiX|| 2 = ||X|| 2 - 
WW^^MX^JjU) 2 . It follows that ||A|| 2 ||[/|| 2 (1 -Tn) = E^M^, JjU) 2 = AJjU) 2 , 

for an arbitrary X G L. As dimi = 2v + 2 > v, we can choose a nonzero A G £ orthogonal to the 
i/ vectors JiJjU, j = \,...,v. This implies = 1, so X _L JiJjU, for all i,j = \,...,v and all 
IeL = (XU) . Therefore JiJjU G 277, for all i, j = 1, . . . , v and all U G K" for which the quadratic 
form q(X) — (Q(X),U) defined on (XU) 1 - is nonzero. If this is true for at least one U, then this is 
true for a dense subset of R™, which implies that JiJjU G XU, for all i,j = 1, . . . , v and all U G 1™. 
Then by assertion 1 of Lemma |3l for i 7^ j, JiJjU = ^2^ =1 aijkJkU, for some constants Qijk, which 
implies that (JkJiJjU,U) = a,ijk\\U\\ , so for all the triples of pairwise distinct i,j,k, the symmetric 
operator J^JiJj on W l is a multiple of the identity. This is impossible when v > 3 (as for I ^ i,j,k, the 
operator JiJkJiJj must be orthogonal and symmetric). The only remaining cases are n = 12, v = 3, 
with J\J 2 J-i = ±id, and n — Q,v — \, which are considered under the exceptional case below. 

Thus (Q(X), U) = 0, for A _L 217, so Q(X) G XA, for all A G M™. By assertion 1 of Lemma| (and 
the fact that (Q(X),X) = 0), this implies equation (JTTa|) , with some vectors m, G R n . 

To prove ([Tib]) and (fTTc|) . we first show that for an arbitrary A 7^ 0, there is a dense subset of 
the Y's in (XA)^ such that JX n ^/F = 0. This follows from the dimension count (compare to |N1( 
Lemma 3.2 (1)]). For 1/0, define the cone CX = {J U J V X : u,v G W} (see ©). As dimCA < 
2v — 1 < n — (v + 1) = dim^A)^ (the inequality in the middle follows from assertion (i) of Lemma[IJ, 
the complement to CX is dense in (XX)^. This complement is the required subset, as the condition 
Y 4- CA is equivalent to JX n JY = 0. Substituting such A, Y~ into © we obtain by (fTTa) : 

V" (||A|| 2 (™ t ,y) -r ?l ((VxJ l )A,F))J 4 r + V" (||y|| 2 (m 4 ,A)-^((VyJ l )r,A))J l A = 0. 

* *2 — 1 * / t=l 

As JA nj7 = 0, all the coefficients vanish, so || A|| 2 (m 4 , F) - r)i((V x Ji)X, Y) = 0, for all A G R n , all 
i = 1, . . . , v, and all Y from a dense subset of (XA)^, which implies that (S7 x Ji)X — r]~ 1 \\X\\ 2 mi G XA, 
for all A G R n . Equation (|llb[) then follows from assertion 1 of Lemma [31 Equation (|1 lc[) follows from 
([Tib) and the fact that ((Vx Ji)X, JjX) + ((V x Jj)X, JiX) = 0. 
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To prove (jlld[) and (|llej) , substitute X = J k Y, U _L X, Y into ©. Consider the first term in the 
second summation. As (JiY,X) = \\Y\\ 2 6 ik , that term equals 3r? fe (2((V £ / Jk)X,Y) + ((S7 x J k )Y,U) + 
((VyJ fe )£/,X))||F|| 2 . As J k is orthogonal and skew-symmetric, ((V(/ J k )X, Y) = ((V ' v J k )J k Y,Y) = 
-(J k (VuJk)Y,Y) = ((VuJ k )Y,J k Y) = 0. Next, ((V Y J k )U,X) = -{(Vy J k )J k Y,U) = (J k (V Y J k )Y,U) 
= ((Vk^lY^Jkmk+J^^iibkj^JkJ^U) by (jib]). Similarly, as Y = -J k X, it follows from ([lib]) 
that ((V x J fe )F,[/) - (J k (V x J k )X,U) = (Jfe^dlXH 2 ™,. - (m fe ,X)X) + T,j=i(h j ,X)J j X),U) = 
(Vk 1 \\Y\\ 2 J k m k + T,j^ k (hj, JkY)J 3 Y - (b kk , J k Y)J k Y, U). Substituting this into © and using (Tla|) 
and (jllb[) we obtain after simplification: 

(14) \\Y\\ 2 (2J k m k - Ufa)) + J^-^iVkbkj + V] b jk , {JjY, U)J k Y + (J k J,Y, U)Y) = 0. 

By [NU Lemma 3.2(3)], for all U G R™, we can find a nonzero Y such that U _L JY+JJ k Y. Substituting 
such a y into (H]) proves (|lld|) . Then (Til]) simplifies to (jllej) . 

Exceptional case (either n = 6, v = 1, or n = 12, = 3, Ji J2 = ±J3, or n = 8, v — 3, Ji J2 = J3). 

In all these cases, the Clifford structure has the following " J 2 -property" : for every X G IR ra , XXX = 
JXX = XX. In particular, if Y _L XX, then IF _L XX. 

Substitute X = J k U and Y _L XX = XU to © and take the inner product of the resulting equation 
with J k Y. Using the fact that ((V Y J k )U, JkU) = ((Vy Jk)Y, JkY) = and the J 2 -property we get 

-Jk((y.j k up)U - (Vup)JkU) + 2\\U\\ 2 \7r lk +3r lk ((V u J k )J k U-(Vj kU J k )U) G XU. 

The expression F{U) on the left-hand side is a quadratic map from M™ to itself. By assertion 1 of 
Lemma F(U) is a linear combination of U, JiU, . . . , J V U whose coefficients are linear forms of U . 
In particular, the cubic polynomial (F(U),J k U) must be divisible by ||£/|| 2 . As J k is orthogonal and 
skew-symmetric, ((VjjJ k )J k U — (V j k tjJk)U, JkU) = 0, so there exists a vector m k G M™ such that 
{{Vj k up)U - (V u p)J k U 1 U) = -3\\U\\ 2 (m k ,U). It follows that the quadratic map Q defined by (|10|) 
satisfies (Q(U),J k U) = 3\\U\\ 2 (m k , U), for all [/el 8 and all A; = 1, . . . , v. As (Q(U),U) = 0, we can 
define a quadratic map T : R" -> R" such that for all del", 

(15) Q(U)=T(U) + 3j2l =1 (m k ,U)J k U, T(U)±XU. 

Taking U = J k X, X, U 1 XF in © and using (Tl5|) we obtain - J k T(Y)+3\\Y\\ 2 m k -3r) k (V Y J k )Y G XF. 
From assertion 1 of Lemma [3] it follows that the expression on the left-hand side is a linear combination 
of Y, JiY, . . . , J V Y whose coefficients are linear forms of Y, so for some vectors 6^ G M™, 

(16) (VyJ 4 )F = r,r l {mi\\Yf - (m if F)F) - (3m)- 1 J t T(Y) + XT =1 < 6 y> 30 ^ 

As ((VyJi)F, JjF) is antisymmetric in i and j and JiT(Y) _L IF by (fTS"|) and the J 2 -property, the fr^'s 
satisfy (|llc|) . 

Take A = J fc F, J7 _L XY = IX in ©. As ((Vc; J fc ) J fe F, Y) = 0, ((Vy J fe )t/, X) = -((Vy J fc ) J fc F, U) 
= (J k {V Y J k )Y,U), and similarly, ({V x J k )Y,U) = -((V x J k )J k X,U) = (J k (V x J k )X,U), we obtain 
from (fTSI Unj) after simplification that 

(17) 2T(Y) + 2T(J k Y) - 3||F|| 2 (V77 fc - 2J k m, k ) G XY. 

In the case n = 6, 1/ = 1, we can prove the remaining identities (jllal lllbl llldl II lc[) of assertion (i) as 
follows. Taking in © nonzero X, Y, U such that the subspaces XX, XY and XU are mutually orthogonal 
we obtain by (H]) ||X|| _2 (T(X), U) + ||F||- 2 (T(F), U) = (which is, essentially, ljI5]l). Replacing F by 
JiF and using fUJ) we get 2T(X) + 3||X|| 2 (Vr7i - 2Jirni) € IX. The same is true with X replaced by 
JxX. Then by (TT7]), V771 - 2J x m x S XX, for all X e M 6 , so V?7i - 2J x m x = (which is (fTTcH) ). Then 
T(X) G XX, hence T(X) = 0, as T(X) _L XX by (JT5J. Now (fTTaj) follows from (JT5J), (fTTb| follows from 
(fTH| . and (|llep is trivially satisfied, as v = 1. 

In the cases n = 8, 12, v — 3, Ji J2 = J3 (if Ji J 2 — — J3, we replace J3 by — J3, without changing 
the curvature tensor ©), we argue as follows. Adding equation (fl7| with fe = 1 and with k = 2 
and then subtracting flT7|) with fc = 3 and Y replaced by J{Y we get 4T(Y) - 3||F|| 2 ((Vt7i - 2J 1 m Y ) 
+ (V?72 — 2 J2TO2) — (V773 — 2 J3TO3)) € XF. This remains true under a cyclic permutation of the indices 
1, 2, 3, which implies (Vr) k - 2J k m k ) - (V?^ - 2 J^m*) G XF, for all i, fc = 1, 2, 3 and all F G M". Then 
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Vr) k - 2J k m k = Vr?i - 2J l m l = |V, for some vector V £ M™, and T(Y) - ||Y|| 2 F G from the above. 
As T(Y) _L JY by (I5J), we obtain T(Y) = \\Y\\ 2 V - (Y, V)Y - £f =1 (JiY, V)J l Y, so 

V Vl = 2J imi + f V, Q(Y) = ||F|| 2 1/ - (Y, V)Y + V 3 _ (3m,- + J 3 V, Y)J ] Y, 

(18) 

(VyJ^y = (37 7l )" 1 (||r|| 2 (3m i - J t V) - (3m, - J,V, Y)Y + ^ (3^6^ - ^J^y}^^) 

(the second equation follows from (JT5J) ; the third one, from (fTTH) and the fact that J\ J2 = J3). 

Substitute X = J^y into (JH]) again, with an arbitrary U J_ X, Y. Using (fT5|) and the fact that the 
Jj's are skew-symmetric, orthogonal and anticommute, we obtain after simplification: 

y 3 (3a lfc - 2J, J k V, J k Y)J t Y + V 3 (3a lfc - 2J 4 J fc U, Y)J k JiY E Span(y J fe Y), 

* — ^z— 1 ^ — ^z— 1 

where a^. = Jjfc&fcj + rjibi k . Taking k — 1 and using the fact that Ji J2 = J3 we get from the coefficient 
of J 2 Y : 3 Ji<2i2 — 4J 2 U + 3ai3 = 0, so W = — 3 J2«i3 + 3 J3CI12. Cyclically permuting the indices 1, 2, 3 
and using the fact that ai k — a k i we obtain V = 0, which implies (|lle|) . As V — 0, equations (jllal llld[ 
Hlbj) follow from (TSJ). 

(ii) By (0 and ((nil), ((V x p)U - (W uP )X,X) = 3^ = iK^>(Wt/>, for all X,U € M™. Po- 
larizing this equation and using the fact that the covariant derivative of p is symmetric we obtain 
((Vxp)U, Y) + ((V Y p)U, X) - 2<(Vc/p)y, A) = 3 £^1 (K, y) (Ji*, [/) + (to, ; , A) (J,y C/)). Subtracting 
the same equation, with Y and U interchanged, we get ((Vyp)U— (V[/p)y, A) = Yli=x {^{ m ii X) (Ji^i U) 
+ (m l ,y)(J l A, U) - (mi,U){JiX,Y)), which proves (pa|) . 

To establish (|12bp . substitute X _L 2Y, U = J k Y into ([5]). Using the equations of assertion (i) and 
(|12al) we obtain after simplification: 

3(V x Jfc)y- (VyJ fc )A = -3^7 1 (m fc ,y)A + ^ =i % 1 (^^ + 25 ife J fc m fe , Y) J;X mod (JY). 

Subtracting three times polarized equation (lllb|l (with i = k) and solving for (Vy Jfe)A we get 

(19) (Vy J fc )A = \r} k l {^ k b ki - Vl b lk - 25 lk J k m kl Y)J,X mod (JY), 

for all A _L JY. Choose s ^ k and define the subset S ks cl"ffil" by S ks = {(X,Y) : A, Y ^ 0, 
A, J k X, J S X _L JY}. It is easy to see that (A, Y) € S ks <=> (y A) e and that replacing JY by JY 
in the definition of S ks gives the same set S ks . Moreover, the set {A : (X, Y) 6 S ks } (and hence the 
set {y : (A, y) € 5fc s }) spans K n . If n = 8, u = 3, Ji J2 = J3, this easily follows from the J 2 -property; 
in all the other cases, from |Nll Lemma 3.2 (4)]. For (A, Y) € S ks , take the inner product of (fT§|) with 
J S A. Since ((VyJfc)A, J S A) is antisymmetric in k and s, we get ((3 — r) k ri~ 1 )b ks + (3 — rj s rj^ )b sk ,Y) = 0, 
for a set of the Y's spanning W l . This proves (|12bjl . 

To prove (|12cp . we apply assertion 2 of Lemma [3] to equation (|lle|) . If v = 1, there is nothing to prove 
(in fact, if v = 1 and n > 8, the claim of Theorem[3]follows from |BG1[ Theorem 1.1]). If rjibij = 

for all i ^ j, then by (|12bj) . bij + bji = for all i ^ j, so by picD . rj^ l Jjnii — —-qj 1 Jirrij. Acting by 
JiJj we obtain that the vector 77" 1 Jiirii is the same, for all i = 1, . . . , v. 

The only remaining possibility is v — 3, J\ J 2 = J3 (if J± J 2 = — J3 we can replace J3 by — J3 without 
changing the curvature tensor 0), and ^fe6fci + Jft&jfc = JjU, for all the triples /c} = {1,2,3}, 
where n ^ 0. We will show that this leads to a contradiction. Note that by ([3]), the existence of a 
Cliff (3)-structure implies that n is divisible by 4, so by the assumption of the lemma, n > 8. 

If r\i = rj k for some i 5^ k, then from (|12bj) and f] k b k i+r)ibi k — JjV it follows that v — 0, a contradiction. 
Otherwise, if the m's are pairwise distinct, we get bi k — (3rji — rj k ){Arji(rji — r] k ))~ 1 JjV for {i,j, k} = 
{1,2,3}. Substituting this to (| 1 lc|) and acting by Jj on the both sides we get rj~ 1 Jirrii — r\ k X J k m k = 
\eikiVi 1 + 7 l k 1 ) v i for {i,j,k} = {1,2,3}, where for i ^ k we define e ik = ±1 by JiJ k = £ ik Jj. It is easy 
to see that Sj k — —£j k and Ej k — £y, where {i,j, k} = {1,2,3}. Then 53 i=1 rf[ l = and ?7 i ~ 1 J j mj = 
j2Ej k (i r i~ 1 —ri k ~ 1 )v+w, for some w € K™. It then follows from (jlldj) that Vrjj = ^Sj k i r i i (i]J 1 —ri k ~ 1 )v+2r] i w, 
which implies V In J72J73 1 = 6ui and V In 1 77^ 77" 1 1 = —\ e ij r l k lv - Let W C M be a neighbourhood of 
a; on which V In l^i??^ 1 1 7^ 0. Then u is a nowhere vanishing smooth vector field on W . Multiplying 
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the metric on Li by a function changes neither the Weil tensor, nor the Jj's, and multiplies every 
rji by e~f and V acting on functions by e~* . Taking / = ^ In | r\\ 772 773 1 we can assume that w = on 
W, so that C — 771772% is a constant. Then, as Ei=i r h X = 0, we get Vr^ = ±g\/l — 4C~ 1 i]fv. It 
follows that v — Vt for some smooth function i : U' — > M such that 77; = — 36Cp(i + Cj), where p is the 
Weierstrass function satisfying (^p(O) 2 = 4p(£) 3 + 6~ 6 C~ 2 and c» € R. Summarizing the identities of 
this paragraph, we have pointwise pairwise nonequal functions r\i : W — > R \ {0} satisfying 

w^Vi^O, V77i = lejurjii^j 1 - r]^)v, E i=1 r/r 1 = 0, JJ. =i ^ = C = const, 



(20) 

for {z, j, A;} = {1, 2, 3}, where we used (| 1 lc[) to compute Then equation (fll?|) simplifies to (\7 Y J k )X = 
Ei^k K% ~ Vi^iJjV^JiX mod (IF), for all X _L IF. By the J 2 -property, 1Y _L XX, so to 
find the "mod(ZF)"-part, we have to compute the inner products of (V Y J k )X with Y, J{Y : J2F, J3F. 
Since ((V Y Jk)X,Y) = -((Vy J k )Y, X), ((Vy J k )X, J k Y) = -{(V Y J k )J k Y.X) = (J k (V Y J k )Y,X), and 
((\7 Y Jk)X,JiY) = -{{V Y J k )JiY,X) = -((s kt (V Y J 3 ) - J k {V Y Ji))Y,X) (from J k J % = e ki Jj), these 
products can be found using l|llb|) . Simplifying by PU]) we get 

(V Y J k )X = ^e^i 1 - V J 1 )((J k v,X)Y + (v,X)J k Y) 

+ K 1 E ?¥ fc ( J ^< x ) JiX + H^ k h(vk - mr'iJjV, y)j*x, 

for all X _L TY, where {i, j, k} = {1, 2, 3}. To compute (V Y J k )X when X £ TY we again use (|llb[) and 
the fact that (V Y J k )J k = -Jfc(VyJ fc ) and {^ Y J k )Ji = £fci(VyJj) - J k (\7 Y Ji), for {i,j,fc} = {1,2,3}. 
Simplifying by (120p and using the above equation we get after some calculations: 

{V Y J k )X = ^e^r 1 - v - 1 ){(J k v,X)Y + (v,X)J k Y- (X,Y)J k v- (X, J k Y)v) 

for all X, Y £ R", where k} — {1,2,3}. Let for a,b £ R n , a Abbe the skew-symmetric operator 
defined by (a A b)X = (a, — (b, X)a. Then the above equation can be written in the form V Y J k — 
iWC 1 - Vj^VkV A Y +v A J fc F) + i^T 1 Ei^fe Jj« A J,F + E^ fe 3 fa* - Vi)~ X (JjV, Y)J h that is, 

VW fc = [Jfc,j4Y], Ar = iV 3 A.J.FAJ^ + V 3 WiiJiV^Ji, 

(21) y i— 1 * '«=1 

Ai = lejfcC^ 1 = I £ Jk{Vk - ViT 1 for {i,j,k} = {1,2,3}, 

where we used the fact that [J k , aAb] = J k aAb + aAJ k b and [J k , Ji] = 2e k iJj, for {i,j, k} = {1, 2, 3}. By 
the Ricci formula, V^yJfc — Vy^Jfc = [Jk, R(Y, Z)], where the tensor field V 2 </& is defined by V?j y Jt = 
Vz(Vy Jfe) — Vy z y Jfc for vector fields F, Z on W'. As Vy J k = [J k , AY] by (|2T|) . this is equivalent to the 
fact that the operator F(Y, Z) = (V Z A)Y-{V Y A)Z- [AY, AZ]-R(Y, Z) commutes with all the J s 's, for 
&\\Y,Z £ R" and all s = 1,2,3. As by ©, fl(y,Z) = yApZ + pFAZ + ELi Vi(JiY A J l Z+2{ J t Y, Z) J. ( ), 
we obtain using (|2T|l and the identities [a A 6, c A d] = (a, d)c A b — (a, c)d A 6— (6, d)c A a + (b, c)d A a, 
[J s , a A b] = J s a A b + a A J s b: 

F(Y, Z) =V{Y, Z) + V 3 (KiY, Z) J t + S{Y, Z), where S{Y, Z) £ {TY + XZ) A R" and 

(22) 3 

V(Y, Z)=-\ E 4=1 ( J * Z ' Y )( x i v A J ^ + ^ifcCAjAfc - A !: Afe - \j\i)JjV A J k v) £ Jv A Jv, 

where for subspaces Li, L2 C R™, we denote L\AL^ the subspace of the space o(n) of the skew-symmetric 
operators on R™ defined by L\ A L2 — Span(a A 6 : a £ L\,b £ L2). Note that if L±, L2 are j7"-invariant 
(that is, JL a C L a ), then L\ A L 2 is ad//-invariant, that is, [J S ,L\ A L 2 ] C L\ A L 2 . 

From {21]) and using the fact that w i A l = (24C) _1 ?7 l , ■fam = Awf + (12C) -1 ^ and VJ 4 w^ 1 = 0, which 
follow from ([20 1 [2T ]) . we obtain 

(23) Ki = -Wi((4ui + Xi)v A J { v + 4e ifc (o; j + u k )JjV A J k v + A;(48C + ||w|| 2 ) J 4 + {J t H + HJ,)), 
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where {i, j, k} = {1, 2, 3}, and H is the symmetric operator associated to the Hessian of the function t 
(that is, (HY, Z) = Y(Zt) - (V Y )Zt, for vector fields Y, Z on W). 

As [F(Y, Z), J s ] — and the subspaceIY+XZ is ^/-invariant (hence (IY+IZ)AM. n is adj-invariant), 
it follows from (J^J that for all Y, Z G K" and all s = 1, 2, 3, 

(24) [V{Y, Z), J s ] + Y 3 (KiY, Z) [Ji, J s ] G (Jy + XZ) A R". 

* ^i — 1 

Take Y,Z E Iv in flM]). Then by the J 2 -property, 1Y +1Z = Iv and [V(Y, Z), J 8 ] eluA Iv, so P3]l 
simplifies to X^/s £ is(KiY, Z)Jj G It) A M n , where {£, j, s} = {1, 2, 3}. Projecting this to the subspace 
(Iv) 1 - A (Iv) L C o(n) (with respect to the standard inner product on o(n)) and using the fact that 
(Iv) 1 - is j7-invariant and n > 8, we get {KiY, Z) = 0, for all i — 1,2,3 and all Y, Z G Xf. Introduce 
the operators Ji = KivJiKivi H = ttj v Httx v on Iv. As Zi> is ^/-invariant, the J^'s are anticommuting 
almost Hermitian structures on Iv. Then the condition (K^Y, Z) = 0, Y, Z G Iv, and (j2"3"l) imply 

(Aoji + Xi)v A J;i> + 4e jk {ujj + w fe ) Jj-u A J k v + A;(48C + ||u|| 2 ) J, + J 4J ff + H.J = 0. 

Multiplying by Ji and taking the trace we obtain 4||u|| 2 (a;i + u>j + u>k) + Ai(96C + 3||t>|| 2 ) + TrH = 0, 
where {i,j, k} = {1,2,3}, so A;(96C + 3 1 1 ^ 1 1 2 ) does not depend on i = 1,2,3. As the A-j's are pairwise 
distinct (otherwise the condition 2i=i "i" 1 = from (j2"U)) is violated), we get ||w|| 2 = — 32C. 

Now take Y, Z _L Tv in (|24p . Projecting to Iv A Xw and using the fact that Iv A Iv is ad ^--invariant 
we obtain that the operator V(Y, Z) + 53;=i {KiY, Z)J% on Iv commutes with every J s . The centralizer 
of the set { J±, J2, J3} in the Lie algebra o(4) = o(Iv) is the three-dimensional subalgebra spanned by 
v A JiV — SjkJjV A JkV, {i,j,k} = {1,2,3} ("the right multiplication by the imaginary quaternions"). 
Substituting V(Y,Z) from ([2"2"|) and using the fact that Ji = ||i>||~ 2 (u A ,Jv + SjkJjV A Jkv) we obtain 
that the operator V(Y,Z) + i—\ {KiY, Z) Ji commutes with all the J s 's, for Y, Z _L Iv, if and only 
if -\(J t Z,Y)(X\ + AjAfe - AiAfc - AjAj) + 2\\v\\- 2 {KiY,Z) = 0, for all % = 1,2,3. Substituting the 
Aj's from (l2"Tj) and (KiY, Z) from (|2"3"|) and taking into account that ||w|| 2 = — 32C, which is shown 
above, we obtain ((J t H + HJ, - Z2CX l J i )Y,Z) = 0, for all 7,2 1 In and all i = 1,2,3. Then 
ir(JiH + HJi)i: — ZlCXi'nJi'n, where it = i^(x v \x. Multiplying both sides by irJiir from the right and 
using the fact that [tt, Ji] = (as (Iv) 1 - is ,7-invariant) we get tr(JiHJi — H)ir = — 32CXiTT. Taking the 
traces of the both sides we obtain — 2Tt(ttHtt) = —32CXi(n — 4), which is a contradiction, as n > 4 and 
the Aj's are pairwise distinct (which follows from the equation J2i=i V^ 1 — of ([217]) ). □ 

The next lemma shows that the relations similar to (lll l[T2|) of Lemma [5] also hold in all the remaining 
cases when n = 8 (that is, when v =^ 3 and when v = 3 and J1J2 7^ ±^3)- As it is shown in Lemma HI 
in all these cases the Weyl tensor has a smooth Cliff (7)-structure in a neighbourhood U of every point 
x G M'. Moreover, by assertion 2 of Lemma[51 that Cliff (7)-structure is an "almost Hermitian octonion 
structure" , in the following sense. For every y € U, we can identify R 8 = T y M 8 with O and of M 7 with 
O' = 1 via linear isometries 1,1,12 respectively in such a way that the orthogonal multiplication ^ 
defined by Cliff (7) has the form ©: J U X = Xu, for every X G M 8 = O, u G O'. 

Lemma 6. Lei x G M' C A/ 8 and /ef W be the neigbourhood of x defined in Lemma [^} For every 
point y eM , identify M 8 = TyM 8 with O via a linear isometry in such a way that the Clifford structure 
Cliff (7) on I s is given by Then there exist m,t,bij £ I 8 = O, i,j = 1,...,7, such that for all 

X, U G M 8 = O, 

(25a) (VuJi)X = V 7 (b l3 ,U)Xe, + (X(U*m) - (m, U)X)<n + (m, Ue^X, 

* — 'j=i 

(25b) 6y + 6 3 -i = 0, 

(25c) (V x p)U - (Vup)X = \(X A U)t + 2 V ? ^((me*, - (me h X)Uei + 2(Xe u U)me,), 

(25d) Vry 4 = -4^m - |t. 

Proof. In the proof we use standard identities of the octonion arithmetic (some of them are given in 
Subsection |2~2"|) . 
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By |N2[ Lemma 7], for the Clifford structure Cliff (7) given by ([5]), there exist bij £ R 8 , i, j = 1, . . . , 7, 
satisfying (l25b]) and an (M-)linear operator A : O -> O' such that for all A, U £ R 8 = O, 

(26) (Vy J,) A = ^' =i (6y, [/)Xe, + (X ■ AU)e t + (AC/, e t )X. 

Equation © is a polynomial equation in 24 real variables, the coordinates of the vectors X, Y, U £ R 8 . 
It still holds, if we allow X, Y, U to be complex and extend the tensors Ji, V Ji and (•, •) to C 8 by the 
complex linearity. The complexified inner product (•, •) takes values in C and is a nonsingular quadratic 
form on C 8 . Moreover, equation §5§ is still true, if we identify C 8 with the bioctonion algebra O ® C, 
and C 7 with l 1 - = O' ® C, the orthogonal complement to 1 in O <g> C. 

Let Y £ OigiC be a nonzero isotropic vector (that is, Y*Y = 0) and let JcY = Span c (JiF, . . . , J7Y). 
Then Y £ JcY and the space JcY is isotropic: the inner product of any two vectors from JcY vanishes. 
Choose X, U £ JcY and take the inner product of the complexified equation (JSj) with X. As X, Y and 
U are mutually orthogonal, we get ((9]), which further simplifies to Yli=i £/)((Vy.7i)Y', X) = 0, 

as ||X|| 2 = ||r|| 2 = (JiY,X) = {J t Y,U) = 0. Using (JUD we obtain £j =1 f]i{JiX, U)((Y ■ AY)e h X) = 0, 
for all isotropic vectors Y and for all X, U £ JcY. ft follows that Y ■ AY _L Yli= 1 Wi{JiX, U)Xei, 
for all X,U £ J C Y. As Y ■ AY — J AY Y £ J C Y and J C Y is isotropic, we get Y ■ AY _L J C Y, so 
Y ■ AY _L J C Y + Span c ({X;Li r)i{ J i x , U)J l X \ X, U £ J C Y}). Following the arguments in the proof 
of |N2( Lemma 8] starting with formula (29), we obtain that AU = U*m — (U,m) 1, for some m £ O. 
Then equation (|25a[) follows from (|26[) . 

To prove (|25c|) and (|25d|) . introduce the vectors £ R 8 , i,j — 1, ... ,8, and the quadratic map 
T : M 8 -> R 8 (similar to the map Q of (fTU|> ) bv 

(27) fij = fa - r)j)bij + Sij(Vrii - 2rjim), 

(28) (T(X),U) = i((V x P )U - (V UP )X,X) - Vi(me i ,X)(Xe i ,U). 

Note that = and (T(X),X) = 0. Take X, Y, U to be mutually orthogonal vectors in R 8 . 
By (25i) and (25EJ, ((Vt/J^X, y) = J =1 (6^- , U) {Xej , Y) - {m,U){Xe u Y) + ({X{U*m))e u Y) = 

— Sijm,U)(Xej 7 Y) + (m((eiY*)X),U), so every term on the left-hand side of ([9|) can be 
written as the inner product of a vector depending on X and Y by U. As U _L X, Y is arbitrary, we 
find after substituting (J5J and (I25aj) into (J9j) and rearranging the terms: 

||A|| 2 r(F) + ||y|| 2 T(A) + 2 V 7 m (Ye l ,X)(m((e l Y*)X) + (Y(X*m)) ei ) 

+ V 7 (Ye j ,X)((f ij ,X)Ye i - (/y, y)X ei ) - V ? . {Ye i ,X){Ye j ,X)f ij £ Span(A, F), 

— 1-^3 — 1 — 1-^3 — 1 

for all A _L F (where we used the fact that (X(y*m))ej = — (Y(X*m))ei, as A _L Y). Taking the inner 
products with X and with Y we obtain 

\\X\\ 2 T(Y) + ||r|| 2 T(A) + 2 V 7 Vt (Ye t ,X)(m((e l Y*)X) + (Y(X*m))eA 

z 4 %— 1 

+ ^ 7 (Ye j ,X)((f ij ,X)Ye i - (f tJ ,Y)X ei ) - £ 7 . (y ei , A)(y ej -, 

= (T(r),A)A + (r(A),r>y, 

for all A _L y. Taking A = Yu, u = Y^l=i u i e i *= ®' an d regrouping the terms we obtain 
||M|| 2 T(r) + T(Yu) + 2 V 7 r)iUi(2(Y, me % )Yu - 2{Yu, meAY + 2||y|| 2 (mu) ei ) 

(29) _|_ ^ Uj({fij + 85ijT]im, YujYa (fij + 

= ||y|r 2 (T(r),yu)y u + ||y|r 2 (r(y u ),r)y, 

where we used m((e. l Y*)X)+(Y(X*m))e l = 2(Y, me l )Yu-2{Yu, me l )Y+A{Yu, m)Yei-4(Y, m) {Yu)e. l + 
2||y|| 2 (mu) ei , which follows from m(( 6i y*)A) = (Y(X*m))ei - 2(m, Ye^X - 2(A, me^Y, for all A, Y, 
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and (Y(X*m))e, = -2(Y,m)(Yu) ei - 2(Y,mu)Yei + ||r|| 2 (mu)e 4 , for X = Yu, u _L 1. By asser- 
tion 1 of Lemma G2 (with v = 1 and XY = Span(Y Yu)) we obtain that both coefficients on the 
right-hand side of (J29|), \\Y\\- 2 (T(Y),Yu) and \\Y\\- 2 (T(Yu),Y), are linear forms of Y G M 8 , for every 
u G ©'. As (T(Y),Y) = 0, this implies that there exists an (R-)linear operator C : O — > O' such that 
||y||- 2 r*T(r) = CY, so T(Y) = Y ■ CY, for all Y G O. Substituting this to Q and rearranging the 
terms we obtain 

(Yu)(c(Yu) - J^ 7 U J"^« + 8 %^ TO ' y > e *) 

(30) +r(|| u || 2 cr + 4^ j= ?7jM 4 ((F, mei)u - (Yu, me^l + Y*((rmt)e;)) 

+ Y] 7 u o(fij + MijVim, Yu)e, - V 7 UiUjY*/^ - (CY, u)u + (C(Yu),u)l) = 0, 

The left-hand side of flUJl has the form (Yu)L(Y,u) + YF(Y,u), where L(Y,u) and F(Y, u) are (R-) 
linear operator on O, for every u G O'. By [N21 Lemma 6], for every unit octonion u G O', L{Y,u) = 
(a(u),Y)l + (t(u),Y)u + Y*p(u), for some functions a, t,p : S 6 C O' — » O. Extending a,t,p by 
homogeneity (of degree 1,0,1 respectively) to O' we obtain C(Yu) — J2i j=i u j(fij + 8<%?7jm, Y)ej = 
(a(u), Y)l + (t{u),Y)u + Y*p(u), for all it G ©'. Moreover, p(u) = -a(u), as C(Y) _L 1. By the linearity 
of the left-hand side by u, we get (a{u\ + u 2 ) — a(u\) — 0(112), Y)l + (£(1*1+1x2) — t('Ui), Y)wi + (t(ux+U2) — 
t(u 2 ), Y)u 2 +Y*(a(u 1 +u 2 )~a(ui)-a(u 2 )) = 0, for all U\,u 2 G ©'. Then Y*(a(ui+u 2 )-a(ui)-a(u 2 )) G 
Span(l, m, 11%), for all 7 £ O, which is only possible when a(u) is linear, that is a(u) — Bu, for some 
(R-)linear operator B : ©' — > O. It follows that t(ui + u 2 ) = = t(u 2 ), that is, t G O is a constant. 
So C(Yu) = EL=i + 8 < 5y7? i m,y)e i + Y)l + (i, Y)u - y*Bu. Taking the inner product 

of the both sides with v G O' and subtracting from the resulting equation the same equation with 
u and v interchanged we obtain (C(Yu),v) — (C(Yv),u) — (Bv.Yu) — (Bu,Yv), since /y = fji by 
(|27| . It follows that (C*u - Bv,Yu) = (C l u - Bu,Yv), where & is the operator adjoint to C. Now 
taking it _L v and y = uv we get ||ii|| 2 (C*i; — Bv,v) = — ||i;|| 2 (C'ii — Bu,u), which implies C — B*. 
Then from the above, (C(Yu),ei) = Ylj=i u j(fij + 8SijT)iTn,Y) + (t,Y)ui — (Bu,Yei) = (Bei,Yu), so 
T, 7 j= i u j(fa + Sij{8rnm + t)) + (Bu) ei + {Be^u = 0. Therefore 

(31) T(Y) = Y-CY = Y-B t Y, f tJ = -5 tJ (% m m + t) - (Be^e, - [Be,)e t . 
Substituting (f5Tjl to (J3D]) and simplifying we obtain — (Lu ■ u, Y)Y — (Lu, Y)Yu + || Y|| 2 Lu • u = Q, where 
Lu = 4Bu — tu — 4 EJ=i r li u i rne i- Taking Y _L Lu, Lu ■ u we get Lu — 0, so 

(32) Bu = jtu + y ^rjiUiinei. 

Substituting (|3^| to the first equation of (|3T|) and then to (|28p and simplifying we obtain that for arbi- 
trary X, U G O, ((V x p)U - (V uP )X, X) = \{{t,X){X,U) - \\Xf{t, U)) + 6 £ 7 =1 ^{Xei, U){me u X). 
Polarizing this equation we get 

((V Y p)U-(V u p)Y,X) + ((V XP )U-(V UP )X,Y) = l((t,X)(Y,U) + (t,Y)(X, U) - 2(X,Y)(t, U)) 

+ 6V 7 rH({Xei,U)(mei,Y) + (Yei,U){mei,X)). 

— ^i— 1 

Subtracting the same equation, with X and U interchanged and using the fact that p is symmetric we 
get (|25c[) . The second equation of (TJTj) and (|3"2"|) give fa = —6rjim — \t, which by (|2T|) implies (|25dp . □ 

Lemma 7. /n t/ie assumptions of Theorem^ let x G M' , where M' C M n is defined in Lemma^ 
Then there exists a neighbourhood hi = hi (x) and a smooth metric on hi conformally equivalent to the 
original metric whose curvature tensor has the form (J7]), with p a multiple of the identity. 

Proof. Let x G M' and let hi be the neighbourhood of x on which the Weyl tensor has the smooth 
Clifford structure defined in LemmaHl We can assume that v > 0, as in the case of a Cliff (O)-structure, 
the curvature tensor given by J7J) has the form R(X, Y)Z = (X, Z)pY+(pX, Z)Y- (Y, Z)pX- (pY, Z)X, 
so the Weyl tensor vanishes. Then the metric on hi is locally conformally flat, that is, is conformally 
equivalent to a one with p = 0. 
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If n = 8, v = 7, and all the Ty^'s at a; are equal, then they are equal at some neighbourhood of x (by 
definition of M 1 ). By Remark [3J we can replace p by p + §771 id and 77^ by = r\i — 771 in (0 arriving at 
the case v = considered above. 

For the remaining part of the proof, we will assume that in the case n = 8, ^ = 7, at least two of 
the 77i's at a; are different; up to relabelling, let r/i 7^ 772 at x, and also on a neighbourhood of x (replace 
U by a smaller neighbourhood, if necessary). Let / be a smooth function on U and let (•,•)' = eJ (■.■). 
Then W' = W, J[ = J$, r\\ = e^'rji and, on functions, V = e - -' V, where we use the dash for the 
objects associated to metric (•, •)'. Moreover, the curvature tensor R' still has the form 0, and all the 
identities of Lemma [5] and of Lemma [6] remain valid. 

In the cases considered in Lemma [SJ the ratios r)i/r]i are constant, as it follows from (|lldll2cp . In 
particular, taking / = In \rji\ we obtain that 77J is a constant, so all the 77^ are constant, m! i = by (JTTdJ) , 
so {V Y p')U - (V'uP^Y = by (fT2"a|) . In the case n , = 8, 1/ = 7 (Lemma EJ) , take / = In - 772 1 - Then 
by pEd|) . V/ = -4/71 and V'jj- = -ie~ 2/ i which implies m' = -iVhi]^ - r7 2 | = 0, t' = e~ 2/ i, again 
by |25dl) for the metric (•,•)'. Then by P5e]) . (V' x p')U- (V'up^X = \(X f\' U)t' . By Remark HJ we can 
replace p' by p = p' + | (ryj + C) id and 77^ by % = 77^ — (rj[ + C) without changing the curvature tensor 
R' given by (0 (C is a constant chosen in such a way that 77; ^ anywhere 011W). Then by (|25cp and 
(l25d)l for the metric (•, •)', (V x p)U - (V' a p)X = 0. 

Dropping the dashes and the tildes, we obtain that, up to a conformal smooth change of the metric 
on IA, the curvature tensor has the form ([7]), with p satisfying the identity 

{V YP )X = {V XP )Y 1 

for all X, Y, that is, with p being a symmetric Codazzi tensor. 

Then by |DS[ Theorem 1], at every point of U, for any three eigenspaces Ep, -E 7 , E a of p, with 
a ^ 7}, the curvature tensor satisfies R(X,Y)Z = 0, for all X G Y € £7 7 , Z G £7 Q . It then 
follows from (0 that 

^ r7 i (2(J i X,y)J i ^ + (J i Z,y)J i X - (JiZ,X)JiY) = 0, 

for all X e Ep, Y G E 1 , Z G E a , a^{/3, 7 }. 

Suppose p is not a multiple of the identity. Let Ei, . . . , E p , p > 2, be the eigenspaces of p. If p > 2, 
denote E[ = E u E' 2 = E 2 • • • © Then by linearity, @ holds for any X, Y G E' a , Z G £7g, such 
that {a, /?} = {1,2}. Hence to prove the lemma it suffices to show that ([55)1 leads to a contradiction, in 
the assumption p = 2. For the rest of the proof, suppose that p = 2. Denote dim_E„ = d a , d± < d 2 . 

Choose Z G E a , X, Y G Ep, a ^ (3, and take the inner product of ((55)) with X. We get 
J2i=i r li(JiX,Y)(JiX, Z) — 0. It follows that for every X G E'a, the subspaces E\ and -E 2 are in- 
variant subspaces of the symmetric operator Rx G End(M") defined by RxY = 53^=1 r li{JiX,Y)JiX. 
So i?x commutes with the orthogonal projections ixp : — > -E/3, /3 = 1, 2. Then for all a, /? = 1, 2 (a 
and /? can be equal), all X e E a and all Y G K™, ^=1 ?7*( J ^ npY)J l X = ^=1 Y)npJiX. 
Taking Y = J,A we get that tt^Jj-X C JAT, that is 7173 C JX, for all X £ E a , a, (3 = 1,2. As 
tti + 7T 2 = id, we obtain JX C ttxJX 7r 2l 7X C JX, hence J"X = ttiJ'A" ® n 2 JX. As every function 
/a/3 : — *■ Z, a,/3 = 1,2, defined by f a p(X) — dirmrpJ^X, X G E a , is lower semi- continuous, and 
f a i(X) + fca(X) = v for all nonzero X G E a , there exist constants c a p, with c a \ + c a 2 — v, such that 
diimrpJ^X = c a p, for all a, (3 — 1, 2 and all nonzero X G -B Q . 

Let AT, Y G S a , Z G Ep, (3 ^ a. Taking the inner product of with Jj^, j = 1, . . . , f , we get 

2r?j ( J, A, y ) 1 1 Z\ 1 2 = V 77, ( ( J, Z, A) ( J, Y, J, Z) — (Jj Z, Y) (J, A, Jj Z> ) . 

As (JiZ,X) = (JiirpZ, X) = —(Z,irpJiX) (and similarly for (JjZ, Y)), the right-hand side, viewed as 
a quadratic form of Z G Ep, vanishes for all Z G (irpJ'X) 1 - D (irpJ'Y) ± , that is, on a subspace of 
dimension at least dp — 2c a p. So for a ^ (3, either 2c a p > dp, or JE a _L E a , that is, irpJ'X — JX, for 
all A G i? Q , so c a p = v. 

Similarly, if Z G E'a, A, Y G -E/3, /3 ^ a, the inner product of (|33ll with J7A, j = 1, . . . , v, gives 
tj^Jj-Z, Y)||A|| 2 = ^ =i r ?i (-2<J i A, Y){J l Z, JjX) + (JiZ, X)(J t Y, JjX)). 
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As (JiX, Y) = —(XjTTpJiY), (JiZ,X) = —(X,TTpJiZ), the right-hand side, viewed as a quadratic form 
of X € Ep, vanishes on the subspace (itpJY) 1 - D (wpJ'Z) 1 - whose dimension is at least dp — c a p — cpp. 
We obtain that for a ^ (3, either c a p + cpp > dp, or JE a _L Ep, that is, irpJZ = 0, for all Z £ E a , so 
Cq/3 = 0. As the equation c a p = contradicts both 2c a p > dp and c Q ^ = v (as ^ > 0), we must have 
c a p + cpp > dp. Then 2v = J2 a p c ap > di + d 2 = n. 

This proves the lemma in all the cases when 2v < n, that is, in all the cases except for n — 8, v > 4 
(as it follows from Lemma [1]). 

Consider the case n — 8. We identify R 8 with O and assume that the J^'s act as in ([5]). Let D : O — > O 
be the symmetric operator defined by Dl — 0, ZJe^ = j^e^. By ((H), condition (|33|) still holds if we replace 
-D by -D + c Im, where Im is the operator of taking the imaginary part of an octonion. So we can assume 
that the eigenvalue of the maximal multiplicity of -D|q< is zero (one of them, if there are more than one). 
Then in (|33|) . v — rkD. By construction, v < 6, and we only need to consider the cases when v > 4, as 
it is shown above. 

By ©, {J i X,Y)J i Z=(Xe i ,Y)Ze i = (e h X*Y)Ze h so £-=i ^(J.A, V)J,Z = ^=i ttte, X*Y)Ze z 
= J2 7 i=1 (De i ,X*Y)Ze, l = ZD(X*Y), as D is symmetric and Dl = 0. Then (JM]) can be rewritten as 

(34) 2ZD(X*Y) + XD(Z*Y) - YD{Z*X) = 0, for all X,Y e Ep, Z e E a , a ^ 0. 

Taking the inner product of (|34[) with X (and using the fact that D is symmetric, Dl = and Y*X = 
2(X,Y)1 - X*Y) we obtain (D(X*Y), X* Z) = 0. It follows that for every X G Ep, the subspaces 
Ei and E 2 are invariant subspaces of the symmetric operator LxDL l x , where Lx ■ O — > O is the left 
multiplication by A (note that Ljf* = L^- and that LxDL x coincides with the operator Rx introduced 
above). So LxDL x commutes with the both orthogonal projections ir a : R 8 — > E a , a = 1,2. It 
follows that for every a, (3 (not necessarily distinct) and every A € Ep, the operator Z? commutes with 
L x TT a L x = \\X\\ 2 'Kx*E a , that is, 

(35) the space X*E a is an invariant subspace of D, for all a, (3, and all A £ 15^. 

Consider all the possible cases for the dimensions d a of the subspaces E a . 

Let (di,c?2) = (1,7), and let u be a nonzero vector in £i. Then by ([33| . every line spanned by 
A*u, Xlti (that is, every line in O') is an invariant subspace of D. It follows that D\®t is a multiple 
of the identity, which is a contradiction, as ikD — v, 4 < v < 6. 

Let (di,d<z) — (2,6), and let E\ = Span(u,we), e € O', ||e|| = ||u|| = 1. Then i? 2 = u£, where 
L = Span(l,e)- L . By (f3"5|) with i? Q = _Ei and A = u?7* = — uU € i?2, U <E L, every two-plane 
Span(f/, (J7u*)(ne)), J7 € L, is an invariant subspace of D. Note that (Uu*)(ue) € i, for all U € L, 
and moreover, the operator J defined by JZ7 = (Uu*)(ue) is an almost Hcrmitian structure on £. 
Then L is an invariant subspace of D (as the sum of the invariant subspaces Span([7, JU), U G L) and 
JD\]JJ £ Span(£7, JU), for all U £ L (as Span(C/, JC/) is both J- and Z3|^-invariant). From assertion 1 of 
Lemma[3]it follows that the operator JD\ L is a linear combination of id|^ and J. As D is symmetric and 
its eigenvalue of the maximal multiplicity is zero, D\ L = 0. Then v = rk_D < 1, which is a contradiction. 

For the cases (di,d 2 ) = (3,5), (4,4), we use the notion of the Cayley plane. A four-dimensional 
subspace C C O is called a Cayley plane, if for orthonormal octonions X,Y,Z £ C, X(Y*Z) £ C. This 
definition coincides with |HL|, Definition IV. 1.23], if we disregard the orientation. We will need the 
following properties of the Cayley plane (they can be found in [HL, Section IV] or proved directly): 

(i) A Cayley plane is well-defined; moreover, if X(Y*Z) £ C for some triple A, Y, Z of orthonormal 
octonions in C, then the same is true for any triple A, Y, Z £ C (possibly, non-orthonormal) . 

(ii) If C is a Cayley plane, then the subspace X*C is the same for all nonzero A £ C; we call this 
subspace C*C. 

(iii) If C is a Cayley plane, then C is also a Cayley plane and C ± *C J_ = C*C. Moreover, for all nonzero 
A £ C- 1 , the subspace X*C is the same and is equal to (C*C) _L . 

(iv) For every nonzero e £ O and every pair of orthonormal imaginary octonions u,v, the subspace 
C = Span(e, eu, ev, (eu)v) is a Cayley plane; every Cayley plane can be obtained in this way. 

Let (di,d 2 ) — (3,5). Then Ei is contained in a Cayley plane C (spanned by Ei and X{Y*Z), 
for some orthonormal vectors A, Y, Z £ Ei), so C E 2 . Let U be a unit vector in the orthogonal 
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complement to C 1 - in E 2 . Then for every nonzero X E C^, X*E 2 = C*C ffi R(A*t/), by properties (Jul 
|m}. As for any two invariant subspaces of a symmetric operator, their intersection and the orthogonal 
complements to it in each of them are also invariant, it follows from (|35|1 that both C*C and every line 
R(X*C7), I e C 1 , are invariant subspaces of D. Then the restriction of D to the four-dimensional 
space (C )*U is a multiple of the identity on that space. As the eigenvalue of the maximal multiplicity 
of D is zero, Rl © (C^)*U c Ker£>. Then v = rkD < 3, which is again a contradiction. 

Let now d\ = d 2 = 4. First assume that E\ is not a Cayley plane. Let X\, X 2 be orthonormal vectors 
in Ei. Then X*E\ n A|i?i D Span(l, X*X 2 ), as A2A1 = -X\X 2 . Moreover, for any unit vector 
Y G XJJSi n X$Ei orthogonal to Span(l, X{X 2 ) we have Y = X£X 3 = A| A 4 for some A 3 , A 4 G E t , 
A3, X4 _L Xi, X2, which implies X 2 (X^X 3 ) = X4 E Ei,so E\ is a Cayley plane by property ([1]). It follows 
that X\E\ n X%E\ = Span(l, X{ X 2 ). As by (|35[) both subspaces on the left-hand side are invariant 
under D and as Rl is an invariant subspace of I?, we obtain that every line M.(XiX 2 ), Xi,X 2 E E\ is an 
invariant subspace of D (that is, X*X% is an eigenvector of D). Then the space L = Span(i^-Ei) lies in 
an eigenspace of!?, so D\l is a multiple of id^. If X\, X 2l A3 E E\ are orthonormal, then X 2 X 3 ^ X*E\, 
as E\ is not a Cayley plane. So dimL > 5. As the eigenvalue of the maximal multiplicity of D is zero, 
v = rkD < 3, a contradiction. 

Let again di — d 2 — 4, and let E\ be a Cayley plane. Then E 2 = (Ei) 1 - is also a Cayley plane 
by property (|m|) . Moreover, by the same property, = -EI-E2 = Vi and E\E 2 = E\E 2 = V 2 , 

where Vi,V 2 are mutually orthogonal four-dimensional subspaces of O, and 1 E Vi. From (|35[) . each 
of the two spaces Vi,V 2 is invariant under D. Let X,Y E Ei, Z, W E E 2 , with 1,2 / 0, and let 
u = X~ X Y, v = Z- l W. As X- 1 = ||A||- 2 A*, L x -xE x = V x by property ©. Similarly, L z -tE 2 = V x . 
Taking the inner product of ([33]) with W we obtain that for all X E E\, Z E E 2l u,v E Vi, 

2\\Z\\ 2 \\X\\ 2 (Du,v) - (D(Z*(Xu)),Z*(Xv)} = ~{D{Z*X), Z*{{Xu)v)). 

The left-hand side is symmetric in u, v. As (Xu)v = —(Xv)u, for any u _L v, u, v J_ 1, we obtain 
(D(Z*X),Z*((Xu)v)) = for all u,v G Vu u _L u, u,u _L 1, and all leEi, Z G ^2- Given any 
nonzero orthogonal A, A' G E±, we can find u,i> € Vi, u _L f , u,u 1 1, such that A' = (Xu)v. To see 
that note that for every u E V\ — E*Ei, Xu E E\ by property (0). As Lx is nonsingular, Lx(V\ H 1^) 
is a three-dimensional subspace of The same is true with X replaced by A'. Therefore, for some 
u,v G Vif] 1^, Xu = X'v, hence X' = -\\v\\- 2 {Xu)v. As X' _L A, we get (A, (Xu)v) = 0, so u _L u. 
Thus {D(Z*X),Z*X') = 0, for any Z e fi 2 and any orthogonal A, A' G E x . As Z*^ = V 2 , for 
any nonzero Z E E 2 , by properties [n] EH), and the operator Lz* is orthogonal when ||Z|| = 1 we get 
(Dvi,v 2 ) — 0, for any two orthogonal vectors vi,v 2 E V 2 - It follows that the restriction of D to its 
invariant subspace V 2 is a multiple of the identity. As V 2 C O' and the eigenvalue of -D|Q' of the maximal 
multiplicity is zero we obtain that Rl V 2 C Ker£>. Then v = rkD < 3 which is a contradiction. □ 

Remark 4. As it follows from the proof of Lemma the algebraic statement "a symmetric operator 
satisfying (|33[) is a multiple of the identity" is valid when 2v < n. In particular, when n = 16, it remains 
true, if we relax the restrictions v < 4 of Theorem [3] to v 7^ 8 (as for n = 16, v < 8 by (J3J). 

Lemma [7] implies Theorem [3] at the generic points. Indeed, by Lemma [71 every x € M' has a neigh- 
bourhood hi which is either conformally flat or is conformally equivalent to a Riemannian manifold 
whose curvature tensor has the form ([TJ, with p being a multiple of the identity, that is, whose curva- 
ture tensor has a Clifford structure. It follows from |N1[ Theorem 1.2], [N2( Proposition 2] that U is 
conformally equivalent to an open subset of one of the five model spaces: the rank-one symmetric spaces 
CP"/ 2 , Cff"/ 2 , HP"/ 4 , Hi/"/ 4 , or the Euclidean space. 

To prove Theorem [3] in full, we show that, firstly, the same is true for any x E M", and secondly, 
that the model space to a domain of which U is conformally equivalent is the same, for all x E M n . 

We normalize the standard metric g on each of the spaces CP"/ 2 , Cii"/ 2 , HP"/ 4 , Hi?"/ 4 in such 
a way that the sectional curvature K a satisfies \K„\ E [1,4]. Then the curvature tensor of each of 
them has a Clifford structure Cliff (i^; J%, . . . , J„; e,e, . . . ,e), (y + 1 e's), where v = 1, 3, e = ±1 and 
the Jj's are smooth anticommuting almost Hermitian structures, with J\J 2 = 1LJ3 when v = 3 and 
with Vz Ji — Y)j—i UJ i(Z)Jj, where tof are smooth 1-forms with io\ + cu* — 0, and V is the Levi-Civita 
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connection for g. Denote the corresponding spaces by M„ j£ (and their Weyl tensors, by W„, e ), so that 

A/ u = (Cr/ 2 ,3), M 1; _ 1 = (Cff"/ 2 ,5), M 34 = (HP"/ 4 ,5), M 3 ,-i = (MH n /\~g). 

We start with the following technical lemma: 

Lemma 8. Let (N n , (•,•)) be a smooth Riemannian space locally conformally equivalent to one of the 
-M„ j£ , so that g = /(■, ■), for a positive smooth function f — e 2 ^ : N n — > R. TTien i/ie curvature tensor 
R and the Weyl tensor W of (N n , (•, •)) satisfy 

(36a) = (X AiCf + KX AY) + ef(X AY + T(X,Y)), where 

T{X,Y) = J" V (JiX A JjY + 2(JiX, Y)Ji), K = H ((f)) - ® + i|| V0|| 2 id, 

^ — 'i= 1 

(36b) W(X, Y) = W„, g (X, Y) = sfi-^X AY + T(X, Y)), 

(36c) \\W\\ 2 = C„ n f 2 , C un = 6vn{n+2){n-v-l)(n-l)- 1 , 

(36d) (V Z VF)(X, Y) = eZfi-^jX AY + T(X, Y)) 

+ \e{[T{X, Y), V/ A Z] + T((V/ A Y) + T(X, (V/ A Z)Y)), 

where X AY is the linear operator defined by (X A Y)Z = (X, Z)Y — (Y, Z)X , H(<j)) is the symmetric 
operator associated to the Hessian of <f>, and both V and the norm are computed with respect to (•,•). 

Proof. The curvature tensor of M„, £ has the form R(X, Y) = e(XAY+^ =1 (J l XAJ i Y + 2g(J l X,Y)J l )), 
where (XAY)Z = g(X : Z)Y — g(Y, Z)X. Under the conformal change of metric g = /(•, •) = e 2< ^(-, •), 
the curvature tensor transforms as R(X, Y) = R(X, Y) — (X A KY + KX A Y). As g(X, Y) = f(X, Y), 
XAY — f(X A Y) and the J^'s remain anticommuting almost Hermitian structures for (■, •), equation 
Dal) follows. 



The fact that the Weyl tensor has the form (|36b|) follows from the definition; the norm of W can be 
computed directly using the fact that the J^'s are orthogonal and that J\ Ji — ±J^ when v = 3. 

From V z Jt = Ej=i^(^) J j and V Z I = V Z X + Z<f>X + X(f>Z - (X,Z)<f>, where V is the Levi- 
Civita connection for g, we get V ' z<h — J2'j=i UJ i(Z)Jj + [Ji,^4> A Z) (where we used the fact that 
[Ji, X A Y] = J L X A Y + X A JiY), Then 

(V Z T)(X, Y) = [T(X, Y), V4> A Z] + T{{V4> A Z)X, Y) + T(X, (V0 A Z)Y), 

which, together with (|36b|) . proves (I36dj) . □ 

For every point x S M' , there exists a neighbourhood 11 of x and a positive smooth function / : hi — > R 
such that the Riemannian space (U(x), /(•,•)) is isometric to an open subset of one of the five model 
spaces (M v , e or ]R n ), so at every point x £ M', the Weyl tensor W of M n either vanishes, or has the form 
given in (|36bjl . The Jacobi operators associated to the different Weyl tensors W v . e in (|36b[l differ by the 
multiplicities and the signs of the eigenvalues, so every point x G M' has a neighbourhood conformally 
equivalent to a domain of exactly one of the model spaces. Moreover, the function / > is well-defined 
at all the points where W ^ 0, as \\W\\ 2 = C vn f 2 by pjc]) . 

By continuity, the Weyl tensor W of M n either has the form W u>e or vanishes, at every point x £ M n 
(as M' is open and dense in M n , see Lemma 0]). Moreover, every point x 6 M n , at which the Weyl 
tensor has the form IF„ j£ , has a neighbourhood, at which the Weyl tensor has the same form. Hence 
M n = MoUlJ M a , where Mq = {x : W(x) — 0} is closed, and every M a is a nonempty open connected 
subset, with dM a c Mo, such that the Weyl tensor has the same form W Vfi = Wy( a ),e(a) a ^ every point 
x e M a . In particular, M a C M', for every a, so that each M a is locally conformally equivalent to one 
of the model spaces M v . e - 

If M = Mq or if Mo = 0, the theorem is proved. Otherwise, suppose that Mq ^ and that there 
exists at least one component M a . Let y S dM a C Mq and let Bs(y) be a small geodesic ball of M 
centered at y which is strictly geodesically convex (any two points from B(y) can be connected by a 
unique geodesic segment lying in Bg(y) and that segment realizes the distance between them). Let 
x 6 B S / 3 (y) n M a and let r = dist(x, Mq). Then the geodesic ball B = B r (x) lies in M a and is strictly 
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convex. Moreover, dB contains a point xq £ Mq. Replacing x by the midpoint of the segment [xxq] and 
r by r/2, if necessary, we can assume that all the points of dB, except for xq, lie in M a . 

The function / is positive and smooth on B \ {xo} (that is, on an open subset containing B \ {xo}, 
but not containing xq). We are interested in the behavior of f(x), when x £ B approaches Xo- 

Lemma 9. When x — > Xq, x £ B, both f and V/ have a finite limit. Moreover, lirn x _> X0)Xe s f( x ) = 0. 

Proof. The fact that lim x _,. XOiX £B /(x) = follows from (j36c|) and the fact that W\ Xo = (as xo £ Mo). 

As the Riemannian space (B, /(•, •)) is locally isometric to a rank-one symmetric space M Ut£ and is 
simply connected, there exists a smooth isometric immersion i : (£?, /(•, •)) — > M u _ £ . Since / is smooth 
on B \ {xq} and ]im x ^. XOiXe g f(%) — 0, the range of t is a bounded domain in M v _ e . Moreover, as 
lim x ^ XOjXg s /(x) = 0, every sequence of points in B converging to xq in the metric (•, •) is a Cauchy 
sequence for the metric /(•, •)). It follows that there exists a limit Ii:m x _, XQ)Xg B l(x) £ M V:€ . Defining for 
every x £ B the point J\ x — Span( J\, . . . , J v ) in the Grassmanian G{v, f\ 2 T x M n ), we find that there 
exists a limit lim x _> X0!xe fl J\ x ='■ J\x € G{v, /\ 2 T XQ M n ). In particular, if Z is a continuous vector field 
on B, then there exists a unit continuous vector field Y on B such that Y _L Z, JZ on £?. For such two 
vector fields, the function 8(Y, Z) = (J^"_x(V W") (-Ey , ^)^, ^) (where £y is an orthonormal frame on 
B) is well-defined and continuous on B. Using (|36dj) we obtain by a direct computation that at the 
points otB, 0(Y,Z) = ^0±{(ZvV f l\Y -{n-l)T{V f : Y))Y, Z) = ~ 3 2 £ ( ^~ 3) (V/, Z) (where we used the 
fact that ||y|| = 1 and Y _L Z, As 0(Y, Z) is continuous on i3, there exists a limit linXr—^o^gB Zf. 

Since Z is an arbitrary continuous vector field on B, V/ has a finite limit when x — > xo, x £ B. □ 

As linLr^zo^gB /(x) = and the J^'s are orthogonal, the second term on the right-hand side of 
equation (|36ap tends to when x — > xo in _B. Therefore the (3,1) tensor field defined by [X, Y) — > 
(A A ifF + ATA A Y) has a finite limit (namely R\ Xo ) when x — > xo in B. It follows that the symmetric 
operator K has a finite limit at xo- Computing the trace of K and using the fact that <fi = | In / we get 

(37) Au = Fu, where u = / (n " 2)/4 , B= i(n-2)TrA 

on B. Both functions F and it are smooth on B \ {xq} and have a finite limit at xo. Moreover, 
Ym\ x ^ XQ ^ X £B u{x) = by Lemma [HI and u(x) > for x £ B \ {xo}. The domain B is a small geodesic 
ball, so it satisfies the inner sphere condition (the radii of curvature of the sphere dB are uniformly 
bounded). By the boundary point theorem [0 Section 2.3], the inner directional derivative of u at Xq 
(which exists by Lemma [HI if we define u(xq) = by continuity) is positive. 

As Vu = \{n- 2)/("- 6 )/ 4 V/ in B, we arrive at a contradiction with Lemma[9]in all the cases, except 
for n = 6. To finish the proof in that case, we will show that the limit lmi x ^ XOiX& B V/(x), which exists 
by Lemma[3 is zero. When n = 6, we have v = 1 by ©, so T(X, Y) = JX A JY + 2{JX, Y) J, where 
J = J(x) is smooth on B\ {xo} and has a limit when x — > xo, x £ B (see the proof of Lemma|n|). Using 
the covariant derivative of T computed in Lemma [5] and (|36d[) . we obtain that on B, 

(VuV z W)(X, Y) = e(H(f)U, Z)(-\X A Y + T(X, Y)) 

+ ie([T(X, Y), H(f)U AZ}+ T((H(f)U A Z)X, Y) + T(A, (H(f)U A Z)Y)) 

+ \er X Zf{[T(X, Y), V/ A U] + T((V/ A U)X, Y) + T(A, (V/ A U)Y)) 

+ i £ /- x [[T(A, Y), V/ A U] + T((V/ A (7)A, Y) + T(A, (V/ A U)Y), V/ A Z] 

+ \sr\[T({Vf A Z)X, Y), V/ A U] + T((V/ A tf)(V/ A Z)A, Y) + T((V/ A Z)A, (V/ A C/)Y)) 

+ je/ _1 ([T(A, (V/ A Z)y), V/ AU]+ T((V/ A U)X, (V/ A Z)Y) + T(A, (V/ A C/)(V/ A Z)Y)), 

where H(f) is the symmetric operator associated to the Hessian of /. Taking U = Z = Ej, where {Ej} 
is an orthonormal basis, and summing up by j we find after some computations: 

zZ 6 J=1 ^E^ E] W)(X,Y) = eA/(-| A A Y + T(A, Y)) - e/" 1 1| V/|| 2 T(A, Y) 
+ e/- 1 (T(A, Y)V/ A V/ + T((A A Y)V/, V/)) + f eT^V/ A (A A Y)V/ + JV/ A (A A Y) JV/). 
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As both V/ and J are smooth onB\ {xo} and have limits when x — * Xq, x £ B, there exist unit vector 
fields X, Y, continuous on B and satisfying XX, TY _L V/, IX _L IY . For such X and Y, 

J2 6 =1 (^e^e s W)(X,Y) = eAf(-IX A Y + JX A JY) - ef' 1 || V/|| 2 JX A JY. 

As the left-hand side is continuous on B and liva x ^ Xo ^B A/ = by (|37|) and Lemma we obtain 
that the field V/|| 2 JX A JY of skew-symmetric operators has a limit at so- Taking the trace of its 
square we find that there exists a limit lim. x ^ XOtX ^B f~ 2 \\ ^/l| 4 which implies linxr-,^ , x ^b V/ = by 
Lemma [SI We again arrive at a contradiction with the boundary point theorem for the function u — f 
satisfying |[57|). □ 
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